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Objectives:
« Toexplain with examples the basic terminology of functions, relations, and sets.
. To performthe operations associated with sets, functions, and relations.
« Torelate practical examples to the appropriate set, function, or relation model,
and interpret the associated operations and terminology in context.
« Todescribe the importance and limitations of predicate logic.

« Torelate the ideas of mathematical induction to recursion and recursively defined
structures.

« Touse Graph Theory for solving problems

UNIT-I
Mathematical Logic: Statements and notations, Connectives, Well formed
formulas, Truth Tables, tautology, equivalence implication, Normal forms,
Quantifiers, universal quantifiers.

Predicates : Predicative logic, Free & Bound variables, Rules of inference,
Consistency, proof of contradiction, Automatic Theorem Proving.

UNIT-II
Relations: Properties of Binary Relations, equivalence, transitive closure,
compatibility and partial ordering relations, Lattices, Hasse diagram. Functions:
Inverse Function Composition of functions, recursive Functions, Lattice and its
Properties,
Algebraic structures: Algebraic systems Examples and general properties,
Semigroups and monads, groups sub groups’ homomorphism, Isomorphism.

UNIT-1I
Elementary Combinatorics: Basis of counting, Combinations & Permutations,
with repetitions, Constrained repetitions, Binomial Coefficients, Binomial
Multinomial theorems, the principles of Inclusion — Exclusion. Pigeon hole
principles and its application.

UNIT-IV
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Recurrence Relation: Generating Functions, Function of Sequences Calculating
Coefficient of generating function, Recurrence relations, Solving recurrence
relation by substitution and Generating funds. Characteristics roots solution of In
homogeneous Recurrence Relation.

UNIT-V

Graph Theory: Representation of Graph, DFS, BFS, Spanning Trees, planar
Graphs. Graph Theory and Applications, Basic Concepts Isomorphism and Sub
graphs, Multi graphs and Euler circuits, Hamiltonian graphs, Chromatic
Numbers.

TEXT BOOKS:

1.Elements of DISCRETE MATHEMATICS- A computer Oriented Approach-C
L Liu, DP Mohapatra. Third Edition, Tata McGraw Hill.

2.Discrete Mathematics for Computer Scientists & Mathematicians, J.L. Mott,
A. Kandel, T.P. Baker, PHI.

REFERENCE BOOKS:
1.Discrete Mathematics and its Applications, Kenneth H. Rosen,
Fifth Edition. TMH. 2.Discrete Mathematical structures Theory and
application- Malik & Sen, Cengage. 3.Discrete Mathematics with
Applications, Thomas Koshy, Elsevier.
4.Logic and Discrete Mathematics, Grass Man & Trembley, Pearson Education.

Outcomes:
. Ability to Illustrate by examples the basic terminology of functions, relations,
and setsand demonstrate knowledge of their associated operations.
. Ability to Demonstrate in practical applications the use of basic counting
principles of permutations, combinations, inclusion/exclusion principleandthe
pigeonhole methodology.

. Ability to represent and Apply Graph theory in solving computer science
problems.
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Unit - I
Mathematical Logic

INTRODUCTION

Proposition: A proposition or statement is a declarative sentence
which is either true or false but not both. The truth or falsity of a
proposition is called its truth-value.

These two values _true® and _false® are denoted by the symbols T and F
respectively. Sometimes these are also denoted by the symbols 1 and O respectively.

Example 1: Consider the following sentences:

1. Delhi is the capital of India.

2.Kolkata is a country.

3.51s aprime

number. 4.2+ 3 =

4,

These are propositions (or statements) because they are either

true of false. Next consider the following sentences:

5.How beautiful are you?

6. Wish you a happy new year

7.X+y=12

8. Take one book.

These are not propositions as they are not declarative in nature, that is, they
do not declare a definite truth value T or F.

Propositional Calculus is also known as statement calculus. It is the
branch of mathematics that is used to describe a logical system or structure.
A logical system consists of (1) a universe of propositions, (2) truth tables
(as axioms) for the logical operators and (3) definitions that explain
equivalence and implication of propositions.

Connectives
The words or phrases or symbols which are used to make a proposition by
two or more propositions are called logical connectives or simply
connectives. There are five basic connectives called negation, conjunction,
disjunction, conditional and biconditional.
Negation

The negation of a statement is generally formed by writing the word
_not‘ at a proper place in the statement (proposition) or by prefixing the
statement with the phrase
_It is not the case that‘. If p denotes a statement then the negation of p is
written as p and read as _not p°. If the truth value of p is T then the truth
value of p is F. Also if the truth value of p is F then the truth value of pis T.
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Table 1. Truth table for negation

P [-p

T |F
T

F
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Example 2: Consider the statement p: Kolkata is a city. Then —-p: Kolkata is not a

city.

Although the two statements _Kolkata is not a city‘ and _It is not the case that
Kolkata is a city® are not identical, we have translated both of them by p. The reason
IS that both these statements have the same meaning.

Conjunction

The conjunction of two statements (or propositions) p and q is the statement p
A g which is read as _p and q°. The statement p A g has the truth value T whenever
both p and g have the truth value T. Otherwise it has truth value F.

Table 2. Truth table for conjunction

PAQ

mTm—H4 o
T+ |
mm T

Example 3: Consider the following statements
p : Itis raining today.
g : There are 10 chairs in the room.
Then p A g : Itis raining today and there are 10 chairs in the room.
Note: Usually, in our everyday language the conjunction _and‘ is used between two
statements which have some kind of relation. Thus a statement _It is raining today
and 1 + 1 =2° sounds odd, but in logic it is a perfectly acceptable statement formed
from the statements _It is raining today‘ and _1 + 1 =2°.
Example 4: Translate the following statement:
_Jack and Jill went up the hill into symbolic form using conjunction.
Solution: Let p : Jack went up the hill, g : Jill went up the hill.
Then the given statement can be written in symbolic formas p A g.

Disjunction
The disjunction of two statements p and q is the statement p v g which is read

as _p or q°. The statement p V ¢ has the truth value F only when both p and g have
the truth value F. Otherwise it has truth value T.

Table 3: Truth table for disjunction

P q
Vv

T4 ©
=N <
T — -
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Example 5: Consider the following statements p : | shall go to the game.

g : I shall watch the game on television.
Then p v q: I shall go to the game or watch the game on television.

Conditional proposition

If p and g are any two statements (or propositions) then the statement p — g which
IS read as,

_If p, then g° is called a conditional statement (or proposition) or implication and
the connective is the conditional connective.
The conditional is defined by the following table:

Table 4. Truth table for conditional

T4+ ©
m—Tn— <
Hﬂﬂﬂl

In this conditional statement, p is called the hypothesis or premise or
antecedent and q is called the consequence or conclusion.

To understand better, this connective can be looked as a conditional promise. If
the promise is violated (broken), the conditional (implication) is false. Otherwise it is
true. For this reason, the only circumstances under which the conditional p — q is
false is when p is true and q is false.

Example 6: Translate the following statement:

‘The crop will be destroyed if there is a flood’ into symbolic form using
conditional connective.

Solution: Let ¢ : the crop will be destroyed; f : there
is a flood. Let us rewrite the given statement as

_If there is a flood, then the crop will be destroyed®. So, the symbolic form of
the given statement is f — c.

Example 7: Let p and g denote the
statements: p : You drive over 70 km
per hour.

g : You get a speeding ticket.
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Write the following statements into symbolic forms.
(i) You will get a speeding ticket if you drive over 70 km per hour.
(ii) Driving over 70 km per hour is sufficient for getting a speeding ticket.

(i) If you do not drive over 70 km per hour then you will not get a speeding ticket.
(iv) Whenever you get a speeding ticket, you drive over 70 km per hour.

Solution: (i) p — q (i) p — q (iii)) p — q (iv) g — p.

Notes: 1. In ordinary language, it is customary to assume some kind of
relationship between the antecedent and the consequent in using the conditional. But
in logic, the antecedent and the
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consequent in a conditional statement are not required to refer to the same subject
matter. For example, the statement _If I get sufficient money then I shall purchase a
high-speed computer® sounds reasonable. On the other hand, a statement such as _If |
purchase a computer then this pen is red‘ does not make sense in our conventional
language. But according to the definition of conditional, this proposition is perfectly
acceptable and has a truth-value which depends on the truth-values of the component
statements.

2. Some of the alternative terminologies used to express p — q (if p,
then q) are the following: (i) p implies g

(i) ponly if g (_If p, then g° formulation emphasizes the antecedent, whereas
_ponlyif q° formulation emphasizes the consequent. The difference is only
stylistic.)

(iii) g if p, or g when p.
(iv) g follows from p, or g whenever p.

(v) p is sufficient for g, or a sufficient condition for q is p. (vi) q is necessary for

p, or a necessary condition for p is g. (vii) g is consequence of p.
Converse, Inverse and Contrapositive

If P — Q is a conditional
statement, then (1). 0 — P is
called its converse
(2). P — —Q is called its inverse
(3). ~Q — —Pis called its
contrapositive. Truth table for 0 — P
(converse of P — Q)

PIQ| O0—
P
T T T
TIF T
FIT| F
FIF| T
Truth table for —P — —Q (inverse of P — Q)
P Q = | _‘P—)
Pl Q =0
TIT| F F T
TIF| F T T
FlrlTlF] F
FIF| T T T

Truth table for ~Q — —P (contrapositive of P — Q)
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P|Q| = | =|-Q =P

Q|P|—
T|T|F|F T
TIF|T|F F
FIT|F|T T
FIF|T|T T
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Example: Consider the statement
P : It rains.
Q: The crop will

grow. The implication P —

Q states that
R: If it rains then the crop will grow.

The converse of the implication P — Q, namely Q0 — P
sates that S: If the crop will grow then there has
been rain.

The inverse of the implication P — Q, namely —P — —Q sates that

U: If it does not rain then the crop will not grow.

The contraposition of the implication P — Q, namely =Q — —P
states that T : If the crop do not grow then there has been no
rain.

Example 9: Construct the truth table for (p — q) A (Q —p)

p q p— q— RN CEY)
q p

T T T T T

T F F T F

F T T F F

F F T T T

Biconditional proposition
If p and g are any two statements (propositions), then the statement p< g which is
read as _p if and only if g and abbreviated as _p iff q° is called a biconditional

statement and the connective is the biconditional connective.
The truth table of p«<q is given by the following table:

Table 6. Truth table for biconditional

p q peq
T T T
T F[F
F T |F
F F [T

It may be noted that p q is true only when both p and g are true or when both p
and q are false. Observe that p q is true when both the conditionals p — gand g — p
are true, i.e., the truth- values of (p — q) A (q — p), given in Ex. 9, are identical to
the truth-values of p q defined here.

Note: The notation p < q is also used instead of p«<q.
TAUTOLOGY AND CONTRADICTION

Tautology: A statement formula which is true regardless of the truth values of
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the statements which replace the variables in it is called a universally valid
formula or a logical truth or a tautology.

Contradiction: A statement formula which is false regardless of the truth
values of the statements which replace the variables in it is said to be a
contradiction.

Contingency: A statement formula which is neither a tautology nor a
contradiction is known as a contingency.
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Substitution Instance
A formula A is called a substitution instance of another formula B if A can be
obtained form B by substituting formulas for some variables of B, with the
condition that the same formula is substituted for the same variable each time
it occurs.

Example: LetB: P— (JAP).
Substitute R«S for P in B, we get
()RS —>UAR—D))
Then A is a substitution instance of B.
Note that (R < S) — (J AP) is not a substitution instance of B because

the variables P in J A P was not replaced by R < S.

Equivalence of Formulas
Two formulas A and B are said to equivalent to each other if and only
if A— B is a tautology.

If A—B is a tautology, we write A < B which is read as A is equivalent to B.

Note : 1. & is only symbol, but not connective.

2. A « Bisatautology if and only if truth tables of A and B are the same.
3. Equivalence relation is symmetric and transitive.

Method I. Truth Table Method: One method to determine whether any
two statement formulas are equivalent is to construct their truth tables.

Example: Prove PVQ & = (=P A
—=Q). Solution:

P[Q[PVQ| P |-Q|PA—-Q|—(=PA-Q)| (PV Q)==(=PA -Q)
TIT| T F|F F T T
TIF| T F T F T T
FIT| T T|F F T T
FIF| F T| T T F T

AsPvQ —(=PA-Q)isatautology,thenP v Q & —(=P
A=Q). Example: Prove (P — Q) & (=P vQ).

Solution:
PIQ| P> |[-P| =PV (P— Q) (-PvV
Q Q Q)
T|T T F T T
T|F F F F T
FIT T T T T
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[Fle[ 7 7] 7 | T |

As (P — Q) (=P Vv Q) is atautology then (P — Q) & (=P v Q).
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Equivalence Formulas:
1. Idempotent laws:

@PVPeP (b)PAP P
2. Associative laws:

@PVQ VRePV(QVR) (b)) (PAQ)ARSPA(QAR)
3. Commutative laws:

@PVvQeQVP b)PAQe QAP

4. Distributive laws:
PV(QAR)(PVQ)A(PVR) PAQVR)(PAQ)V(PAR)

5. ldentity laws:

@@i)PVFeP (i)PVToT

b ()PATSP (IPAFeF
6. Component laws:

@@APV-aPeT (iPA-P SF

(b) (I) PSP (II) “-TeF, - Fe
7. Absorption laws: T

@PVv((PAQ) &P b)PAPVQ) P

8. Demorgan‘s laws:
@-(PvQ)=-PA-Q (b)) 2(PAQ) &-PV-Q

Method I1. Replacement Process: Consider a formula A: P — (Q — R). The
formula Q — R is a part of the formula A. If we replace O — R by an equivalent
formula =QVR in A, we get another

formula B : P — (=QVR). One can easily verify that the formulas A and B are
equivalent to each other. This process of obtaining B from A as the replacement
process.

Example: Prove thatP - (Q > R) ©P - (-QVR) (PAQ) —

R.(May. 2010) Solution: P - (Q - R) &P —» (-Q VR) [+Q—

R & -QVR]
& -PV(-QVR) [+P—> Q0 -PVQ]
& (=P v =Q) v R [by Associative laws]
& (P AQ) VR [by De Morgan‘s laws]
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©PAQ) - R[*P— Qe -PVAQl
Example: Provethat (P > Q)A(R— Q) © (PVR)
— Q. Solution: P—->QA(R—-Q < (-PVvQ)A(-R
vQ)
©(-PA-R)vQ e

-(PVR)VQePV
R—Q
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Example: Prove thatP -» (Q > P) & —P —
(P — Q). Solution: P> (Q—>P)e-PvVv

Q—P)
& -Pv(-QVP)
< (-PVP)v-Q
< TVv-Q
T
and

“P—(P— Q) & =(-P)V (P
— Q)
©Pv(-PVvQe
(Pv-P)vQeT
vQ
T
So,P—->(Q—>P)e P—(P— Q).
***Example: Prove that (AP A(-Q AR)) V(QAR) V(P AR) ©R. (Nov.
2009) Solution:

(PA(-QAR)V(QAR)V(PAR)
& ((-PA-Q)AR)V((QVP)AR) [Associative and Distributive laws]
& (-(PVQ)AR)V((QVP)AR) [De Morgan‘s laws]
< ((PVvQ)V((PVvQ) AR [Distributive laws]
© TAR [+-PVP&T]
<R
**Example: Show (PVQ) A= (=P A(=QV-R))) V(=P A-Q) V(=P A-R)is
tautology. Solution: By De Morgan‘s laws, we have
“PA-Qe-(PVQ)
-PV-R & =(PAR)

Therefo
re (=P A=Q) V(=P A=R) ©=(PVQ) V(P
AR)

<=((PVQ)A(PVR))

Also =(=P A (=QV =R)) & —(=P A ~(Q A
R))
SPV(QAR)
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o PvQ A(PVR)
Hence (PVQ)A—-(-PA(-QV-R)) ©PVQ A(PVQ A(PVR)
S (PVQ)A(PV

R) Thus (PVQ) A=(=PA(=QV-R))) V(=P A-Q)V

(-PA=R)
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S[(PVQAPVR)]VA[(PVQ)A(PVR)
T
Hence the given formula is a tautology.
Example: Show that (P AQ) — (P v Q) is a tautology. (Nov.
2009) Solution: (PAQ) - (PVQ) e -(PAQ)V(PVQ)[“P—-> Q& -PVQ]
< (-Pv-Q)Vv(PvQ) [by De Morgan‘s laws]
< (-PVvP)Vv(=QVQ) [by Associative laws and
commutative laws]
< (T v T)[by negation laws]

=
Hence, the result.

Example: Write the negation of the following statements.
(a). Jan will take a job in industry or go to
graduate school. (b). James will bicycle or run
tomorrow.

(c). If the processor is fast then the printer is slow.

Solution: (a). Let P : Jan will take a job in industry.

Q: Jan will go to graduate school.

The given statement can be written in the symbolic
as P v Q. The negation of P v Q is given by —~(P v

Q).
-(Pv Q) e -PA-Q.
=P A =Q: Jan will not take a job in industry and he will not go to

graduate school. (b). Let P : James will bicycle.
Q: James will run tomorrow.

The given statement can be written in the symbolic
as P v Q. The negation of P v Q is given by =(P v
Q).

-(PVvQ) e -PA-Q.

=P A =Q: James will not bicycle and he will not run

tomorrow. (c). Let P : The processor is fast.
Q: The printer is slow.
The given statement can be written in the symbolic as P — Q.

The negation of P — Q is given by —(P — Q).
-(P—->Q0)e-(-PVvQ)e PA-Q.
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P A =Q: The processor is fast and the printer is fast.

Example: Use Demorgans laws to write the negation of each

statement. (a). | want a car and worth a cycle.

(b). My cat stays outside or it makes a

mess. (¢). [‘ve fallen and I can‘t get

up.

(d). You study or you don‘t get a good grade.
Solution: (a). I don‘t want a car or not worth a cycle.

(b). My cat not stays outside and it does not make a mess.
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(c). I have not fallen or I can get up.
(d). You can not study and you get a good
grade. Exercises: 1. Write the negation of the
following statements. (a). If it is raining, then the
game is canceled.
(b). If he studies then he will pass the examination.

Are (p — g) — rand p — (¢ — r) logically equivalent? Justify your answer
by using the rules of logic to simply both expressions and also by using truth
tables. Solution: (p — ¢) — r and p — (¢ — r) are not logically equivalent
because
Method I: Consider

p—q) —>re(-pva —r
(:)—-(—-qu)Vr(:)
(pPA—Q) VT
S PANV(mqAT)
and
p—@g—orep—(=qvr)
S-pv(-gqVvr) e

pVvV-QqVvr.
Method I1: (Truth Table Method)
plajrip—>|—o9—>|q—>|pr—@g—
q r r r)
TIT|T| T T T T
TIT|F| T F F F
TIF|T| F T T T
TIF|F| F T T T
FIT|T| T T T T
FIT|F| T F F T
FIF|T| T T T T
FIFIF| T F T T

Here the truth values (columns) of (» — ¢) — r and p — (¢ — r) are not identical.

Consider the statement: I1f you study hard, then you will excell. Write its
converse, contra positive and logical negation in logic.

Duality Law

Two formulas A and A* are said to be duals of each other if either one can be
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obtained from the other by replacing Aby vand v by A. The connectives v and Aare

called duals of each other. If the

formula A contains the special variable T or F, then A, its dual is obtained by replacing T
by F and

F by T in addition to the above mentioned
interchanges. Example: Write the dual of the
following formulas:
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(). PVQ)AR  (il).(PAQ)VT (iii). PAQ) V(P V—=(QA-S))

Solution: The duals of the formulas may be written as

). PAQ)VR (i).(PVQ)AF (iii). (PVQ)A(P A=(QV~YS))
Result 1: The negation of the formula is equivalent to its dual in which
every variable is replaced by its negation.

We can prove

-A(P1, P2, ..., Pn) © A (=P1, =P2, ..., =Pn)
Example: Prove that (a). -«(PAQ) — (=P V(=P VvQ)) &
(=PVvQ) (b). PVQ)A(=PA(=PAQ)) & (=P A

Q)

Solution: (a).=(PAQ) > (-PV(-PVQ) © PAQ) V(-PV(-PVQ) [ P> Q&
=PV Q]

= PAQV(=PVQ)
< PAQV-PVQ
< ((PAQV-P)VQ

< (Pv-P)AQV-P)VQ
S (TAQV-=P)VQ

< QVv-P)VvQ

SQvAP

(:)ﬂPVQ

(b). From (a)
(PAQ)V(=PV(=PVQ))e-PVv

Writing the Q
(P VQ) /\(—IP /\(—IP /\Q)) <=>(—|P
dual AQ)

Tautological Implications
A statement formula A is said to tautologically imply a statement B if and only if A
— B

IS a tautology.
In this case we write A = B, which is read as ‘A implies B.

Note: = is not a connective, A =B is not a statement formula.
A = B states that 4 — B is tautology.
Clearly A = B guarantees that B has a truth value T whenever A has the truth value T .
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One can determine whether A = B by constructing the truth tables of A and B in the

same manner as was done in the determination of A < B. Example: Prove that (P —

Q)= (~Q— —P).
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Solutio

n:
PIQ|-P| 2| P | ~0— | (P>0O) = (-0—
Q| o | -p ~P)
T(T| F | F T T T
TIF|F|T| F F T
FIT| T |F T T T
FIF| T | T T T T

Since all the entries in the last column are true, (P — Q) — (-Q

— —P) Is a tautology.

Hence (P — Q) = (—Q — —P).

In order to show any of the given implications, it is sufficient to show that

an assignment of the truth value T to the antecedent of the corresponding
condi-

tional leads to the truth value T for the consequent. This procedure
guarantees that the conditional becomes tautology, thereby proving the
implication.

Example: Prove that -Q A (P — Q) =>-P.

Solution: Assume that the antecedent =Q A (P — Q) has the truth value T, then both
—Q and P — Q have the truth value T , which means that Q has the truth value F , P
— Q has the truth value T . Hence P must have the truth value F .
Therefore the consequent =P must have the truth value T.
QA (P— Q)= -P.

Another method to show A = B is to assume that the consequent B has the truth value
F and then show that this assumption leads to A having the truth value F . Then 4 —
B must have the truth value T .

Example: Show that -(P - Q)= P..

Solution: Assume that P has the truth value F . When P has F, P — Q has T, then =(P
— Q) has F
.Hence =(P —> Q) > PhasT.

-(P—>Q)=P

Other Connectives

We introduce the connectives NAND, NOR which have useful applications in
the design of computers.

NAND: The word NAND is a combination of ‘NOT* and ‘AND* where ‘NOT*
stands for negation and ‘AND° for the conjunction. It is denoted by the symbol 1.
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If P and Q are two formulas then
P 1 Q = ﬁ(P A
Q) The connective 1 has the following
equivalence:
PP -(PAP)S -PVv-P s =P,
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P1QT(PT1Q &-(P1Q) &-(=(PAQ)) =
PAQ.PTP)1(Q1Q)&-P1-Qe(=PA
-Q) = PvVvQ.
NAND is Commutative: Let P and Q be any two statement
formulas.

(P10O)=~(PAQ)
©-(QAP)s
Q1P)
~ NAND is commutative.

NAND is not Associative: Let P, Q and R be any three
statement formulas. Consider 1 (QTR) & -(PA(QTR)) &
(P A(=(QARY))

<-PV(QA

R)(PTQ)TRe=(PA

Q1R
©-a(-(PAQAR) &
(PAQ)V-R

Therefore the connective 1 is not associative.
NOR: The word NOR is a combination of ‘NOT* and ‘OR‘ where ‘NOT° stands for

negation and
_OR‘ for the disjunction. It is denoted by the symbol | .
If P and Q are two formulas then

P ! Qe ﬂ(P \
Q) The connective | has the following
equivalence:
P|Pe-(PVP)s -PA-Ps-P.
PL1QI(PIQ =~(PIQ)=~(=(PVQ)
<PvQ.(P|P)](QlQ&-P|-Qe
—(-PVv-Q) = PAQ.
NOR is Commutative: Let P and Q be any two statement formulas.
(PlO)=~(PVQ)
©-(QVP)e
QLlP)

~ NOR is commutative.
NOR is not Associative: Let P, Q and R be any three statement formulas. Consider

PL(QLR) = (PV(Q]R)
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e =(PV (=(QVR))
-PAQV
RIPIQ|IRe=(PV
QIR
©-a(-(PVQ) VR &

(PVQ)A-R
Therefore the connective | is not associative.

Evidently, P 1 Q and P | Q are duals of each other.
Since
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=(PAQ) & -PVv-Q

—~(PVvQ) e-PA-Q.
Example: Express P | O interms of
1 only. Solution:

L9==(PVQ)
=PvQ1T(PVQ)

S[P1P)TETOITIPTP)T(O10)]
Example: Express P 1 Q interms of | only.

(May-2012) Solution: 1 Q < —(P AQ)

< (PAQIL(PAQ)

S[PLIP)LQLOILIPLIP)I(Q] O]
Truth Tables
Example: Show that A@B) V(A | B) (A1 B).
(May-2012) Solution: We prove this by constructing

truth table.
Al BAD | 4, | ABBVHA] | 41
B B B) B
T| T F F F F
T F T F T T
FI T T F T T
F| F| F T T T

As columns (A @ B) v(4 | B) and (4 1 B) are identical.
~(A@B)v(4]B)e(41B).

Normal Forms

If a given statement formula A(p1, p2, ...pn) involves n atomic variables, we

have 2" possible combinations of truth values of statements replacing the

variables.

The formula A is a tautology if A has the truth value T for all possible

assignments of the

truth values to the variables p1, p2, ...pn and A is called a contradiction if A has

the truth value F for all possible assignments of the truth values of the n

variables. A is said to be satis

able if A has the truth value T for atleast one combination of truth values assigned

to p1, p2,
..pn.

The problem of determining whether a given statement formula is a

Tautology, or a Contradiction is called a decision problem.
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The construction of truth table involves a finite number of steps, but the
construc-tion may not be practical. We therefore reduce the given statement
formula to normal form and find whether a given statement formula is a
Tautology or Contradiction or atleast satisfiable.

It will be convenient to use the word Iproductl in place of Iconjunctionl and
Isuml iplace of Idisjunctionl in our current discussion.
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A product of the variables and their negations in a formula is called an
elementary product. Similarly, a sum of the variables and their negations in a
formula is called an elementary sum.

Let P and Q be any atomic variables. Then P, =P AQ, -QAP =P ,P =P, and
QAP

are some examples of elementary products. On the other hand, P, =P v Q, -Q VP
v-P,P

v =P, and Q v =P are some examples of elementary sums.
Any part of an elementary sum or product which is itself an elementary sum

or product is called a factor of the original elementary sum or product. Thus
=Q,A =P, and =Q A P are some of the factors of =-Q A P A=P .

Disjunctive Normal Form (DNF)

A formula which is equivalent to a given formula and which consists of a sum
of elementary products is called a disjunctive normal form of the given
formula.

Example: Obtain disjunctive normal forms of

@PAP—Q) (b)=(PVQ)« (PAQ).

Solution: (a) We have
PAP—->Q)e=PA(-PVQ)

b) =(PVQ)(PA ©PA-P)V(PAQ)
Q)
S (=PVQAAPAQ)V(PVQ)A-(PAQ) [using
RS (RAS)V(=RAAS)

S (FPA-QAPAQ)V(PVQ)A(=PV=Q))
S (EPA-QAPAQV((PVQ)A-P)V(PVQ)A-Q)
<=>(—IP/\—IQ/\P/\Q)V(P/\—IP)V(Q/\—IP)V(P/\—lQ)V(Q/\

=Q) which is the required disjunctive normal form.
Note: The DNF of a given formula is not unique.

Conjunctive Normal Form (CNF)

A formula which is equivalent to a given formula and which consists of a product
of elementary sums is called a conjunctive normal form of the given formula.

The method for obtaining conjunctive normal form of a given formula is
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similar to the one given for disjunctive normal form. Again, the conjunctive normal
form is not unique.
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Example: Obtain conjunctive normal forms of
@PAP—Q);  (b)~(PVQ)=(PAQ).
Solution: (a). PA(P — Q) P A (=P
vQ) (b).=(P Vv Q) (P AQ)
& (PVQ - PAQ)A(PAQ)—~(PVQ))
S ((PVQVFPAQA(PAQV-(PVQ)
S [PVQVP)APVQVQIAI(=PV-Q)V (=P A-Q)]
S PVQVP)APVQVQ)IA(-PV-QV-P)A(-PV-QV-Q)

Note: A given formula is tautology if every elementary sum in CNF is

tautology. Example: Show that the formula Q v (P A =Q) vV (=P A

=Q) is a tautology.

Solution: First we obtain a CNF of the given formula.

QV(PA-QV(=PA=-Q)=QV([PV-P)A-Q)

= QV((PV-P)AQV-Q)
< (QVPV-P)A(QV-Q)

Since each of the elementary sum is a tautology, hence the given formula

Is tautology.

Principal Disjunctive Normal Form
In this section, we will discuss the concept of principal disjunctive normal form
(PDNF).

Minterm: For a given number of variables, the minterm consists of conjunctions in
which each statement variable or its negation, but not both, agpears only once.

Let P and Q be the two statement variables. Then there are 2 minterms given by P A Q,
P A-Q,
=P AQ, and =P A =Q.

Minterms for three variablesP,QandRare PAQAR,PAQA-R,PA=-QAR,PA-Q A
=R, =P

AQAR,=PAQA-R, =P A=Q ARand =P A—=Q A=R. From the truth tables of these
minterms of P and Q, it is clear that

PIQ[PAQ| PA | =PA |=P -Q
—Q Q |A
T(T| T F F F
T|IF| F T F F
FIT| F F T F
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[Flrl Fl Pl P ] T |

(i). no two minterms are equivalent
(ii). Each minterm has the truth value T for exactly one combination of the truth

values of the variables P and Q.
Definition: For a given formula, an equivalent formula consisting of disjunctions of
minterms only is called the Principal disjunctive normal form of the formula.
The principle disjunctive normal formula is also called the sum-of-products canonical

form.
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Methods to obtain PDNF of a given formula

(a). By Truth table:
(i). Construct a truth table of the given formula.

(ii). For every truth value T in the truth table of the given formula, select the

minterm which also has the value T for the same combination of the truth values of P

and Q.

(iii). The disjunction of these minterms will then be equivalent to the given
formula.

Example: Obtain the PDNF of P

— Q. Solution: From the truth
table of P — Q

Q| P— Q| Minterm
T| T PAQ
PA
F| F —Q
-PAQ
-PA
-
—Q
F| T

The PDNF of P — Q'is (P A Q) V (=P A Q) V (=P A =Q).

P> PAQV(=PAQ)V (=P A-Q).

Example: Obtain the PDNF for (P AQ) V(=P AR) v

(Q AR). Solution:

PIQ|R| Minterm |PAQ| =-PA |[QAR| (PAQ)V(=PAR)V(QA
R R)

T|T|T| PAQAR | T F T T

T|T|F| PAQA-R | T F F T

T|F|T| PA-QAR | F F F F

TIF|F|PA-QA-R| F F F F

FIT|T| "PAQAR F T T T

FIT|F|7PAQA-R| F F F F

FIF|T|PA-QAR| F T F T

FIF|F ﬂPAEQA F F F F
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The PDNFof (PAQ)V(-PAR)V(QAR)Is
(PAQAR)VIPAQA-R)V(=PAQAR)V (=P A-QAR).

(b). Without constructing the truth table:

In order to obtain the principal disjunctive normal form of a given
formula is con- structed as follows:

MATHEMATICAL FOUNDATION OF COMPUTER SCIENCE - MRCET Page 36



. First replace —, by their equivalent formula containing only A, vand —.

@ Next, negations are applied to the variables by De Morgan‘s laws followed
by the application of distributive laws.

@ Any elementarily product which is a contradiction is dropped. Minterms are
ob-tained in the disjunctions by introducing the missing factors. lIdentical
minterms appearing in the disjunctions are deleted.

Example: Obtain the principal disjunctive normal
form of (a) -Pv Q; (b) (PAQ) VvV (=P AR)
V(QAR).

Solution:
(@) “PVQe (-PAT)V(QAT) [“AAT oA]
SEPAQV-Q)VQAPV-P)[-PV-PoT]
S (PAQV(EPA-QV(QAP)V(QA-P)
[+PAQVR)(PAQV(PAR)
S (=PAQV(=PA-Q)V(PAQ) ["PVP &
Pl1() (PAQ) V(=P AR)V(QAR)
SPAQAT)V(-PARAT)V(QARAT)
S PAQARV-R)V(=PARAQV-Q)VQARAMPV-P)
S PAQAR)VIPAQA-R)V(-PARAQ)(=PARA=Q)
VIQARAP)V(QARA=P)
S PAQAR)VIPAQA-R)V(-PAQAR)V(=PA-QAR)

PviPAQ) e P

PVv(=PAQ)ePVQ
Solution: We write the principal disjunctive normal form of each formula and
com-pare these normal forms.

@PV(PAQ & (PAT)V(PAQ) ["PAQ®P]
©PAQV-Q)V(PAQ) [“PVaPoT]
& (PAQ)V (PA-Q))V (P AQ) [by distributive laws]
S(PAQVEPA-Q)[-PVP
< P ] which is the required
PDNF.

Now, S PAT

e PAQV-Q)
S PAQV(PA
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—Q) which is the required PDNF.
Hence, PVv(PAQ) & P.
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b)PV(=PAQ & (PAT)V(=-PAQ)

@(P/\(QV—IQ))V(—IP/\Q)
SPAQV(PA-Q)V(-PA
Q) which is the required PDNF.

Now,
PVvQe (PAT)V(QAT)

e PAQV-Q)VQA(PV=P))
SPAQV(PA-QVQAP)V(QA=P)

SPAQV(PA-Q)V(-PA
Q) which is the required PDNF.

Hence, PV(=PAQ)&=PVQ.
Example: Obtain the principal disjunctive normal form of

P—((P—>Q)A-(-QV=P)). (Nov.
2011) Solution: Using P — Q < =P v Q and De Morgan‘s law, we obtain

- (P—>QO)A—-(-QV-P)) o =P
V((EPVQ)A(QAP))

<:>—IPV((—IP/\Q/\P)V(Q/\Q/\P))<=>
-PVFV({PAQ)

©-PV({PAQ)

S (EPAT)V(PAQ)

< (PAQV-Q)V(PAQ)

& (-PAQ)V(=PA-Q)V(PA
Q) Hence (PAQ) V(=P AQ) V(=P A=Q) isthe
required PDNF.

Principal Conjunctive Normal Form

The dual of a minterm is called a Maxterm. For a given number of variables, the
maxterm consists of disjunctions in which each variable or its negation, but not both,
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appears only once. Each of the maxterm has the truth value F for exactly one com-
bination of the truth values of the variables. Now we define the principal conjunctive
normal form.
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For a given formula, an equivalent formula consisting of conjunctions of the max-
terms only is known as its principle conjunctive normal form. This normal form is
also called the product-of-sums canonical form.The method for obtaining the PCNF
for a given formula is similar to the one described previously for PDNF.

Example: Obtain the principal conjunctive normal form of the formula
(—mP—R)A(Q<+P) Solution:

(P> R)A(Q < P)
& [(=P)VRIAI(Q—P)A (P — O)]
S PVRIA[EQVP)A(-PVQ)
S PVRVFE)A[(FQVPVE)A(RPVQVEF)]
S [PVR)VQA-QIA[-QVP)VRA-RIA[=PVQ)V(RA-R)]
S(PVRVQAPVRV-QIA(PV-QVR)A(PV-QV=R)
AFPVQVR)A(-PVQV-R)
SPVQVR)A(PV-QVR)A(PV-QV-R)A(=PVQVR)A(=PVQ
v =R) which is required principal conjunctive normal form.
Note: If the principal disjunctive (conjunctive) normal form of a given formula A
containing n variables is known, then the principal disjunctive (conjunctive) normal

form of —A will consist of the disjunction (conjunction) of the remaining minterms
(maxterms) which do not appear in the

principal disjunctive (conjunctive) normal form of A. From A < ——A one can obtain
the principal conjunctive (disjunctive) normal form of A by repeated applications of
De Morgan‘s laws to the principal disjunctive (conjunctive) normal form of —A.

Example: Find the PDNF form PCNF of S: PV (=P — (Q V (—Q — R))).

Solution:
PV (~P—-QV(~0—R))
&PV (=(E=P)VQV(=(=Q) VR))
<PVvPVQV(QVR))
<©PVv(PVQVR)
<PVQVR

which is the

PCNF.
Now PCNF of =S is the conjunction of remaining maxterms, so

PCNFof-S:(PVQV-R)IA(PV-QVR)A(PV-QV-R)A(-PVQVR)
A(APVQV-R)A(=PV-QVR)A(=PV-QV
—R) Hence the PDNF of Siis
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—“(PCNF of =S) : (-PA-QAR)V(-PAQA-R)V(-PAQAR)V(PA-QA
—R)

V(IPA-QAR)VIPAQA-R)V(PAQAR)
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Theory of Inference for Statement Calculus

Definition: The main aim of logic is to provide rules of inference to infer a
conclusion from certain premises. The theory associated with rules of inference is
known as inference theory .

Definition: If a conclusion is derived from a set of premises by using the accepted
rules of reasoning, then such a process of derivation is called a deduction or a formal
proof and the argument is called a valid argument or conclusion is called a valid
conclusion.

Note: Premises means set of assumptions, axioms, hypothesis.

Definition: Let A and B be two statement formulas. We say that IB logically follows from
Al or

IB is a valid conclusion (consequence) of the premise Al iff A — B is a tautology,
that is A = B.We say that from a set of premises {H1, H2, - - - , Hm}, a conclusion
C follows logically iff

HIAH2A..AHm=>C
(1)
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Note: To determine whether the conclusion logically follows from the given

premises, we use the following methods:
e Truth table method
o Without constructing truth table method.

Validity Using Truth Tables

Given a set of premises and a conclusion, it is possible to determine whether
the conclusion logically follows from the given premises by constructing truth
tables as follows.

Let P1, P2, - - -, Pn be all the atomic variables appearing in the premises Hj,
H2, - - -, Hm and in the conclusion C. If all possible combinations of truth values are
assigned to P1, P2, - - -, Pn and if the truth values of H1, H2, ..., Hm and C are entered
in a table. We look for the rows in which all H1,

H2, - - -, Hm have the value T. If, for every such row, C also has the value T, then (1)
holds. That is, the conclusion follows logically.

Alternatively, we look for the rows on which C has the value F. If, in every
such row, at least one of the values of H1, H2, - - -, Hm is F, then (1) also holds.

We call such a method a
_truth table technique® for the determination of the validity of a conclusion.

Example: Determine whether the conclusion C follows logically from the premises
H1 and H2.

@H1:P—>Q0 H2:PC:Q
G)H1:P—>Q0 H2:-PC:Q
(C)H1:P—>Q H2:=(PAQ)C:=P
(dH1: =P H2:PQC:=(PAQ)

 (@H1:P—Q H2:QC:P _
Solution: We first construct the appropriate truth table, as shown in table.

PlQ| P> |-P| =(PA | P Q
Q Q)

TIT| T |F F T

T|F| F |F T F

FIT| T | T| T F

FIF| T |T| T T
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(@) We observe that the first row is the only row in which both the premises have the
value T
. The conclusion also has the value T in that row. Hence it is valid.

In (b) the third and fourth rows, the conclusion Q is true only in the third row,

but not in the fourth, and hence the conclusion is not valid.
Similarly, we can show that the conclusions are valid in (c) and (d) but not in (e).

Rules of Inference

The following are two important rules of inferences.
Rule P: A premise may be introduced at any point in the derivation.

Rule T: A formula S may be introduced in a derivation if S is
tautologically implied by one or more of the preceding formulas
in the derivation.

Implication Formulas
I1:PAQ=P (simplification)
2:PAQ=
QIz:P=>P

vQI4:Q=
PvQ
I5:=-P=>P—>Q
lg: Q=>P—
Ql7:~(P—
Q) =P
19 P,Q=PAQ
s "P,PVQ=Q (disjunctive syllogism)
I
11 : P,P—>0=Q  (modus ponens)
I
12 . =0, P> 0=-P  (modus tollens)
I
13 : P— 0 0 — R=P— R (hypothetical syllogism)
I
14 :PVQ P—R O0—R=>R (dilemma)
Example: Demonstrate that R is a valid inference from the premises P — Q, Q
— R, and P . Solution:
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{1} (1) P-0O RuleP

{2} (2) P Rule P,

{12 3) Q Rule T, (1), (2), and
113

{4} (4 O—R Rule P

(1,24} (5) R Rule T, (3), (4), and
113

Hence the result.
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Example: Show that RvS follows logically from the premises C vD, (C vD) — —H, =H
— (AA

-B),and (AA-B) — (R

v S). Solution:

{1} 1 €CvD)——H Rule P

{2} (2) ~H—(AA-B) Rule P

{1, 2} (3) (CvD)— (AA-B) RuleT, (1), (2),and
113

{4} (4) AA-B)—(RVS) RuleP

{1,2,44 (5) (CvD)—(RVYS) Rule T, (3), (4), and
113

{6} 6 CVvD Rule P

{1,2,4,6} (7) RVS Rule T, (5), (6), and
111

Hence the result.

Example: Show that S VR is tautologically implied by (P VQ)A(P — R)A(Q — S).

Solution:

{1} 1) PvQ@Q Rule P

{1} (2) -P— 0 (F;uIeT, 1HP—->Q0& PV

{3} 3 00— S Rule P

{1, 3} 4) P—S Rule T, (2), (3), and 113

{1, 3} (5) ~S—P Rule T, (4),P > Q0 < -Q
— =P

{6} (6) P—R Rule P

{1, 3, 6} (7) -S—R Rule T, (5), (6), and 113

{1, 3, efx‘h(g) SVR Rule T, (7)and P - Q & =P VvQ

Hence the result.

Example: Show that R A (P v Q) is a valid conclusion from the

premisesP v Q, O — R, P — M, and =M.

Solution:
{1} 1 P-M Rule P
{2} 2 M Rule P
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({5% 2,4, (7) R Rule T, (5), (6), and

111
{1,2,4, (@) RA(PVQ) RuleT,(4),(7)and
6} 19

Hence the result.

Example: Show 112 : —Q, P — Q
=-P . Solution;

{1} 1 P—0 Rule P

{1} (2) -0 — —P Rule T, (1), and P — Q & —=Q
— —P

{3} (3 -Q Rule P

{1,3} (4) =P Rule T, (2), (3), and 111

Hence the result.
Example: Test the validity of the following argument:

ITf you work hard, you will pass the exam. You did not pass. Therefore, you
did not work hardl.

Example: Test the validity of the following statements:

ITf Sachin hits a century, then he gets a free car. Sachin does not get
a free car. Therefore, Sachin has not hit a centuryl.

Rules of Conditional Proof or Deduction Theorem

We shall now introduce a third inference rule, known as CP or rule of conditional proof.
Rule CP: If we can derive S from R and a set of premises, then we can derive R —

S from the set of premises alone.

Rule CP is not new for our purpose her because it follows from the equivalence
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(PAR) > S P—->(R—YS)

Let P denote the conjunction of the set of premises and let R be any formula. The
above equivalence states that if R is included as an additional premise and S is
derived from P A R,then R — S can be derived from the premises P alone.

Rule CP is also called the deduction theorem and is generally used if the conclu-
sion of the form R — S. In such cases, R is taken as an additional premise and S is
derived from the given premises and R.

Example: Show that R — S can be derived from the premises P — (Q — S), =R VP, and

Q.
(Nov. 2011)

Solution: Instead of deriving R — S, we shall include R as an additional premise and
show S

first.
{1} (1) “RVP Rule P
{2} 2 R Rule P (assumed premise)
{1, 2} 3 P Rule T, (1), (2), and l10
{4} 4 P—-(©Q—-Y9 Rule P
{1, 2, 4} 5) 0—S Rule T, (3), (4), and 111
{6} 6) Q Rule P

Exampfe: Ao that® —$ S can be derived#fom(treBrétides -P v Q, -Q VR,
§hdr-81S. sBlutiénWe include B8 & additional premise and derive

S.

{1} (1)-PVQ Rule P

{2} (2 P Rule P (assumed
premise)

{1, 2} (3) Q Rule T, (1), (2), and
110

{4} 4) “QVR Rule P

{1,2,4 (5) R Rule T, (3), (4), and
110

{6} 6) R—S Rule P

{1,2,4,6} (7) S Rule T, (5), (6), and
111

{1,2,4,6} (8 P—S Rule CP

Example: _If there was a ball game, then traveling was difficult. If they arrived on
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time, then traveling was not difficult. They arrived on time. Therefore, there was
no ball game‘. Show that these statements constitute a valid argument. Solution:
Let us indicate the statements as follows:

P : There was a ball

game. Q: Traveling

was difficult. R: They

arrived on time.
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Hence, the given premises are P — Q, R — —Q, and R. The conclusion is =P .

{1} DR—-~-0
{2} QR

{1, 2} 3) -Q

{4} 4)P—0
{4} G)~Q——P

{1, 2, 4} (6) =P

Rule P

Rule P

Rule T, (1), (2), and 111

Rule P

Rule T, (4),and P — Q & —-Q

— —P

Rule T, (3), (5),and 111

Example: By using the method of derivation, show that following statements con-
stitute a valid argument: IIf A works hard, then either B or C will enjoy. If B enjoys,
then A will not work hard. If D enjoys, then C will not. Therefore, if A works hard,

D will not enjoy.

Solution: Let us indicate statements as follows:

Given premises are P — (QVR), Q — —P, and S — —R. The conclusion
Is P — —S. We include P as an additional premise and derive —S.

{1 (1) P

{2} ()P~ (QVR)
{L2y  (3QVR

{1, 2} 4 ~O0—R

{l, 2} (5) -R— Q

{6} 6) 9——P
{1,2,6} (7) “R— P
{1,2,6} (8 P—R

{9} 9) S— —R
{9} (10) R — —S
{1,2,6, (11 P—-S
9} )

{1,2,6, (12 =S

9} )

Rule P (additional premise)

Rule P

Rule T, (1), (2), and 111
RuleT,3)andP > Qe PV

Rule T, (4),and P —» 0 & —-Q

— P

Rule P

Rule T, (5), (6), and 113

Rule T, (7)and P —» Q0 & —=Q

— =P
Rule P

Rule T, (9)and P - Q & -Q
— —P
Rule T, (8), (10) and 113

Rule T, (1), (11) and 111

Example: Determine the validity of the following arguments using propositional logic:
ISmoking is healthy. If smoking is healthy, then cigarettes are prescribed
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by physi- cians. Therefore, cigarettes are prescribed by physiciansl|.
(May-
2012)

Solution: Let us indicate the statements as follows:
P : Smoking is healthy.
Q: Cigarettes are prescribed by physicians.

Hence, the given premises are P, P — Q. The conclusion is Q.
{1} 1) PO Rule P
{2} 2P Rule P
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{1, 2} 3 Q Rule T, (1), (2), and 111
Hence, the given statements constitute a valid argument.

Consistency of Premises
A set of formulas H1, H2, - - -, Hm is said to be consistent if their

conjunction has the truth value T for some assignment of the truth values to the
atomic variables appearing in H1, H2,
-, Hm.
If, for every assignment of the truth values to the atomic variables, at
least one of the formulas H1, H2, - - -, Hm is false, so that their conjunction is
identically false, then the formulas H1, H2, - - -, Hm are called inconsistent.

Alternatively, a set of formulas H1, H2, - - - , Hm is inconsistent if their
conjunction implies a contradiction, that is,
_ HIAH2A---AHm=>RA-R
where R is any
formula.

Example: Show that the following premises are inconsistent:
(1). If Jack misses many classes through illness, then he fails
high school. (2). If Jack fails high school, then he is uneducated.
(3). If Jack reads a lot of books, then he is not uneducated.
(4). Jack misses many classes through illness and reads a lot of books.
Solution: Let us indicate the statements as follows:
E: Jack misses many classes through illness.
S: Jack fails high school.
A: Jack reads a lot of books.
H: Jack is uneducated.

The premisesare E — S, S — H, A — —H, and E A A.

{1} 1) E-S Rule P

{2} 2 S—>H Rule P

{1, 2} 3 E—~H Rule T, (1), (2), and 113

{4} 4) 4——H Rule P

{4} (5) H— —4 Rule;, (4),and P —- Q0 < -Q

{1,2,4} (6) E— —4 Rule T, (3), (5),and 113

{1,2,4y (7) "EV-A Rule T, (6)and P - Q< =PV
Q

{1,2,4y (8) “(EAA) Rule T, (7), and =(P AQ) & =P
v-Q

{9} (9) EAA Rule P
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(1,24, (10 ~(EAA)A(EA  RuleT,(8), (9)and Ig
9} ) A

Thus, the given set of premises leads to a contradiction and hence it is inconsistent.
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Example: Show that the following set of premises is inconsistent: IIf the contract is
valid, then John is liable for penalty. If John is liable for penalty, he will go
bankrupt. If the bank will loan him money, he will not go bankrupt. As a matter of
fact, the contract is valid, and the bank will loan him money.|

Solution: Let us indicate the statements as follows:
V : The contract is valid.
L: John is liable for
penalty. M: Bank will
loan him money. B: John

will go bankrupt.

{1} 1) V—-L Rule P

{2} (2 L—B Rule P

{1, 2} 3) V—B Rule T, (1), (2),and 113

{4} 4 M— —B Rule P

{4} 5) M— —~M Rule T, (4),and P —» O © —=Q
— —P

{1,2,4} (6) V> —M Rule T, (3), (5), and 113

{1,2,4 (7) "VV-M Rule T,(6)and P> Q & =PV
Q

{1,2,4 (8 ~(VAM) Rule T, (7),and =(PAQ) & -P
vV-Q

{9} 9 VAM Rule P

% 2,4, (10)~(VAM)A(VAM)RuleT, (8),(9)and I9

Thus, the given set of premises leads to a contradiction and hence it is inconsistent.

Indirect Method of Proof

The method of using the rule of conditional proof and the notion of an
inconsistent set of premises is called the indirect method of proof or proof by
contradiction.

In order to show that a conclusion C follows logically from the premises H1, H2, -
Hm, we assume that C is false and consider —C as an additional premise. If the new

set of premises is inconsistent, so that they imply a contradiction. Therefore, the
assump-tion that —C is true does not hold.

Hence, C is true whenever H1, H2, - - - , Hm are true. Thus, C follows
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logically from the premises H1, H2, - - -, Hm.
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Example: Show that —=(P A Q) follows from =P A =Q.

Solution: We introduce —-—(P AQ) as additional premise and show that this

additional premise leads to a contradiction.

{1} (1) (P AQ)
{1} ) PAQ

{1} 3P

{4} (4)"PA=Q
{4} (5) =P

{1, 4} (6) P A =P

Hence, our assumption is wrong.

Rule P (assumed)

Rule T, (1), and =—P
s P

Rule T, (2), and I1
Rule P

Rule T, (4), and I1
Rule T, (3), (5), and 19

Thus, =(P A Q) follows from =P A =Q.

Example: Using the indirect method of proof, show that
P—-0 Q0—R ~(PAR),PVR=R.
Solution: We include =R as an additional premise. Then we show that this

leads to a contradiction.

{1} 1Pr—-0
{2} (2) 0O—R
1,2} (3) P — R
{4} (4) -R
{1,2,4 (5)-P
{6} 6)PVR

{1,2,4,6} (7)R

{1,2,4,6} (8)RA-R

Hence, our assumption is wrong.

Example: Show that the following set of premises are inconsistent, using proof by

contradiction

Rule P

Rule P

Rule T, (1), (2), and
113

Rule P (assumed)
Rule T, (4), and 112

Rule P

Rule T, (5), (6) and
110

Rule T, (4), (7), and
19

P—-QVR),Q0— P, S— R P=>P— —S.

Solution: We include =(P — —S) as an additional premise. Then we show that

this leads to a contradiction.

2P o —S) e a(-PVv-aS)e PAS.
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{1} (1) P—(QVR) Rule P

{2} @2 P Rule P

{1, 2} (3) QVR Rule T, (1), (2), and Modus
Ponens

{4} 4) PAS Rule P (assumed)

{1,2,4} (5) S RuleT, (4),andPAQ =P
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{6} (6) S— R Rule P

{1,2,4,6} (7) =R Rule T, (5), (6) and Modus

Ponens
{1,2,4,6} 8) Q RuFIJe T,(3),(7),and PAQ, =Q

=
{9} 9 Q——P Rule P
{1,2,4,6} (10) =P Rule T, (8), (9),and P A Q, -Q =P
{1,2,4,6} (11) PA-P Rule T, (2), (10),and P, Q = P AQ
{1,2,4,6} (12) F RuleT, (11),and P A =P F

Hence, it is proved that the given premises are inconsistent.

The Predicate Calculus

Predicate
A part of a declarative sentence describing the properties of an object is
called a predicate. The logic based upon the analysis of predicate in any
statement is called predicate logic.
Consider two statements:

Johnis a

bachelor Smith

Is a bachelor.
In each statement lis a bachelorl is a predicate. Both John and Smith have
the same property of being a bachelor. In the statement logic, we require two
diff erent symbols to express them and these symbols do not reveal the
common property of these statements. In predicate calculus these
statements can be replaced by a single statement Ix is a bachelorl. A
predicate is symbolized by a capital letters which is followed by the list of
variables. The list of variables is enclosed in parenthesis. If P stands for the
predicate lis a bachelorl, then P (x) stands for Ix is a bachelorl,where X is a
predicate variable.

"The domain for P (x) : x is a bachelor, can be taken as the set of all
human names. Note that P (x) is not a statement, but just an expression.
Once a value is assigned to x, P (x) becomes a statement and has the truth
value. If x is Ram, then P (x) is a statement and its truth value is true.

Quantifiers

Quantifiers: Quantifiers are words that are refer to quantities such as ‘some*
or ‘all*. Universal Quantifier: The phrase ‘forall* (denoted by V) is called the
universal quantifier. For example, consider the sentence IAll human beings

are mortall.
Let P (x) denote ‘x is a mortal®.
Then, the above sentence can be
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written as (Vx € S)P (x) or
VXP (X)
where S denote the set of all human beings.

vx represents each of the following phrases, since they have essentially the same
for all x

For every x
For each x.

Existential Quantifier: The phrase ‘there exists‘ (denoted by 3) is called the
exis-tential quantifier.
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For example, consider the sen%ence
IThere exists X such that x= =5.
This sentence can be written as

(3xeR)P (x) or (IX)P
(x), where P (x) : x2 = 5.
3x represents each of the following

phrases There exists an x
There is an X

For some x

There is at least one x.

Example: Write the following statements in
symbolic form: (i). Something is good
(ii). Everything is
good (iii). Nothing is
good
(iv). Something is not good.
Solution: Statement (i) means IThere is atleast one X such that, x is goodl.
Statement (ii) means IForall X, X iS
goodl. Statement (iii) means, IForall x, X
IS not goodl.
Statement (iv) means, IThere is atleast one x such that, x is not good.
Thus, if G(x) : x is good, then

statement (i) can be denoted by
(3x)G(x) statement (ii) can be denoted
by (Vx)G(x) statement (iii) can be
denoted by (Vx)=G(x)

statement (iv) can be denoted by (3X)~G(X).
Example: Let K(x) : x isa man
L(x) : x is mortal
M(X) : x is an integer
N(x) : x either positive or
negative Express the following using
quantifiers:
e All men are mortal
o Any integer is either positive or negative.
Solution: (a) The given statement can be written as
for all x, if x is @ man, then x is mortal and this can be
expressed as (x)(K(x) — L(x)).
(b) The given statement can be written as
for all x, if x is an integer, then x is either positive or negative and this can
be expressed as (X)(M(x) — N(X)).
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Free and Bound Variables

Given a formula containing a part of the form (x)P (x) or (3x)P (x), such a
part is called an x-bound part of the formula. Any occurrence of x in an x-
bound part of the formula is called a bound occurrence of x, while any

occurrence of x or of any variable that is not a
bound occurrence is called a free occurrence. The smallest formula
Immediately

following (V¥x) or (3x) is called the scope of the quantifier.
Consider the following formulas:

o (P (xy)

o (P (x) — Q(x))

o ()PP () — @yR(X Y))

o ()P () = R(X)) v ¥)(RX) — QX))

o (@) (x) AQ(X))

o (3P (x) AQ(X).
In (1), P (x, y) is the scope of the quantifier, and occurrence of x is bound
occurrence, while the occurrence of y is free occurrence.

In (2), the scope of the universal quantifier is P (x) — O(x), and all
concrescences of x are bound.

In (3), the scope of (x) is P (x) — (3y)R(X, y), while the scope of (3y) is R(x,
y). All occurrences of both x and y are bound occurrences.

In (4), the scope of the first quantifier is P (x) — R(x) and the scope of the second
IS
R(x) — QO(x). All occurrences of x are bound

occurrences. In (5), the scope (3x) is P (X) A

Q(X).
In (6), the scope of (3x) is P (x) and the last of occurrence of x in Q(x) is free.

Negations of Quantified Statements
(i). ()P (x) & (3x)P (x)
(ii). =(3X)P (x) = (X)(=P (x)).
Example: Let P (X) denote the statement IX is a professional athletel and let Q(X)

denote testatement Ix plays soccerl. The domain is the set of all people.
(a). Write each of the following proposition in English.

« ()(P (x) = Q(x)
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« (@3)(P () AQ(X))
o (NP K)VQKX)

(b). Write the negation of each of the above propositions, both in symbols
and in words. Solution:
@@). (). For all x, if x is an professional athlete then x plays soccer.
| All professional athletes plays soccerl or IEvery professional
athlete plays soccerl.
(ii). There exists an x such that x is a professional athlete and x plays soccer.

MATHEMATICAL FOUNDATION OF COMPUTER SCIENCE - MRCET Page 44



ISome professional athletes paly soccerl.
(ii). For all x, x is a professional athlete or x plays soccer.
IEvery person is either professional athlete or plays soccerl.

(b). (1). In symbol: We know that
()P (x) = O(x)) = (3) (P (x) = O(X)) = (3)~(=(P (x)) vV Q(x))
< (3X)(P (x) A =Q(x))

There exists an x such that, x is a professional athlete and x does not paly soccer.
Inwords: ISome professional athlete do not play
soccerl. (ii). =(IX)(P (X) AQ(X)) & (X)(—=P (X)

Vv =Q(x))
In W(I)rds: IEvery people is neither a professional athlete nor plays soccerl or All
people
either not a professional athlete or do not play

soccerl. (iii). =(X)(P (x) v Q(x)) & (IX)(-P
(X) A=Q(X)).

In words: ISome people are not professional athlete or do not paly soccerl.

Inference Theory of the Predicate Calculus

To understand the inference theory of predicate calculus, it is important to
be famil-iar with the following rules:

Rule US: Universal specification or instaniation

()AKX) = Aly)
From (x)A(x), one can conclude

Aly). o
Rule ES: Existential specification

(3AKX) = Aly)

From (3x)A(X), one can conclude A(y).
Rule EG: Existential generalization

A(X) = (3Y)A(Y)
From A(x), one can conclude

(3y)A(Y). Rule UG: Universal
generalization

A(X) =
(y)A(y) From A(x), one can
conclude (y)A(y).

Equivalence formulas:
E31: (AX)[A(XX) V B(X)] © (3X)A(X) V (3X)B(X)
E32 1 (X)[A(X) A B(X)] & (X)A(X) A(X)B(X)
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E33

E34:
E35:
E36:
E37:
E38:
14— (¥)B(x) & (X)(4 — B(x))

E39
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E40: 4 — (3X)B(X) & (IX)(4 — B(X))
E41 : (3X)(A(X) — B(x)) = (X)A(X) — (3X)B(X)
E42 : (3X)A(X) — (X)B(X) & (X)(A(X) —B(X)).

Example: Verify the validity of the following arguments:
IAIl men are mortal. Socrates is a man. Therefore, Socrates is mortall.
or

Show that (X)[H(X) — M(X)] AH(s) =
M(s).
Solution: Let us represent the statements as follows:
H(x) : xis a
man M(x) : x is
amortal s :
Socrates

Thus, we have to show that (X)[H(X) — M(x)] A H(s) =M(s).

0 1) OHK) — MX)] Rule P
n 2) H(s) — M(s) Rule US, (1)

{3} 3) H(s) Rule P

1,3} (4 M) Il:llulIeT, (2), (3), and

Example: Establish the validity of the following argument:IAll integers are ratio-
nal numbers. Some integers are powers of 2. Therefore, some rational numbers are
powers of 2I.

Solution: Let P (x) : x is an integer
R(x) : x is rational number
S(x) : x is a power

of 2 Hence, the given

statements becomes

(X)(P (x) = R(x)), @X)(P (x) AS(x)) = (3x)(R(X)
AS(x)) Solution:

{1} (1) @X)(P (X) A S(X)) Rule P

{1} 2) P (y) AS(y) Rule ES, (1)

{1} (3) P(y) RuleT,(2)andPAQ=P
{1} (4) S(y) RuleT,(2)andPAQ=Q
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{5} (5) ()P (x) = R(x)) Rule P

{5} (6) P (y) — R(y) Rule US, (5)

{1, 5} (7) R(Y) Rule T, (3), (6) and P, P —» Q0 =Q
{1, 5} (8) R(y)AS(y) Rule T, (4),(7)andP,Q=>P AQ
{1,5}  (9) (@)REK)AS(X)) Rule EG, (8)

Hence, the given statement is valid.
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Example: Show that (X)(P (x) — Q(X)) A (X)(Q(X) — R(x)) = (X)(P
(X) — R(x)). Solution:

{1} 1) ()P (x) = O(x))
{1} (2) P (y) = Q)
{3} (3) ()(QKX) — R(x))
{3} (4) Q(y) — R(y)
{L.3} OGP —RY)

L3 (6 P (X) = R(X)

Rule P
Rule US, (1)
Rule P
Rule US, (3)

Rule T, (2), (4), and
113
Rule UG, (5)

Example: Show that (3x)M(x) follows logically from the
premises (X)(H(x) — M(x)) and (Ix)H(x).

Solution:

{1} (1) (IH(X)
{1} (2) H(y)

{3} (3) ()(H(X) — M(x))
{3} (4) H(y) — M(y)

{1.3}  (O)My)

{13} (6) BM(x)

Hence, the result.
Example: Show that (3Ix)[P (x) AQ(X)] = (IX)P (X) A

(3x)Q(x). Solution

{1} (1) @X)(P (x) A Q(x))
{1} 2) P (y) A Q(Y)

{1} (3P ()
{1} (4) (3X)P (x)
{1} (5) Q)
{1} (6) (3¥)Q(X)

{1} (7) @)P () A (3)Q(X)

Hence, the
result. Note: Is the
converse true?

{1}

(1) 3FX)P () A

Rule P
Rule ES, (1)
Rule P
Rule US, (3)

Rule T, (2), (4), and
111
Rule EG, (5)

Rule P

Rule ES, (1)

Rule T, (2), and I1
Rule EG, (3)

Rule T, (2), and I2

Rule EG, (5)

Rule T, (4), (5)
and 19

Rule
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{1}
{1}
{1}
{1}

(3)Q(x)
(2) 3x)P (x)
(3) (3¥)Q(x)

(4) P (y)
(5) Q(s)

P

Rule T, (1) and 11
Rule T, (1), and I1

Rule ES, (2)
Rule ES, (3)
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Here in step (4), y is fixed, and it is not possible to use that variable
again in step (5). Hence, the converse is not true.

Example: Show that from (3x)[F (X) AS(X)] — (Y)[M(y) — W (y)] and (3y)[M(y) A =W
(y)] the conclusion (X)[F (x) — —S(x)] follows.

{13 (@) @ENIMY) A=W (y)] Rule P
{13y (@ M@ A-W(2)] Rule ES, (1)
{1} (3) —=[M(z) - W (2)] Rule T, (2), and =(P — Q) © P A-Q
{13 4 @y)-IMy)—>W ()] Rule EG, (3)
{1} (5) =(yY)[M(y) =W (y)] Rule T, (4), and =(X)A(X) © (3x)—-A(X)
{13 (6) @IIF () AS()] — (Y)IM(y) — W (y)]RuleP
{1,6} (7) ~(3)[F (x) AS(X)] Rule T, (5), (6) and 112
{1,6} (8) (X)—=[F (x)AS(X)] Rule T, (7), and =(xX)A(X) < (3x)-A(X)
{1,6} (9) ~[F (@) AS(2)] Rule US, (8)
{1,6} (10) —F (2) v=3(2) Rule T, (9), and De Morgan‘s laws
{1,6} (11) F(2)— =S(2) Rule T, (10),and P —» QO & =P vQ
{1,6} (12) (X)(F (xX) — =S(x)) Rule UG, (11)
Hence, the result.

Example: Show that (x)(P (x) v Q(x)) = (X)P (x) vV (3x)Q(X). (May. 2012)

Solution: We shall use the indirect method of proof by assuming —((x)P
(X)v(3x)Q(X)) as an additional premise.

{1} @) ~(x)P XV Rule P (assumed)
gy (FHRK) Rule T, (1) =(P v Q) © —P A
(2) ()P () A -Q
~(3X)Q(x)
{1} (3) ~(X)P (x) Rule T, (2), and 11
{1} (4) (3x)=P (x) Rule T, (3), and =(X)A(X)
(3x)-AKX)
{13  (5) ~(3FXQX) Rule T, (2), and 12
{1}  (6) (\)-Q(X) Rule T, (5), and =(3IX)A(X) &
()—AX)
{1} (7) =P (y) Rule ES, (5), (6) and 112
{1 (8 ~Qly) Rule US, (6)
{1y (9 Py A-Q(y) Rule T, (7), (8)and 19
{13 (@ ~(Py VW) Rule T, (9),and ~(PvQ) & -P
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) A=Q

{113 (1) (P () v Q(x)) Rule P

{11} (12) (P () vQ(y) Rule US

{1,113} (13) ~(P (y) v Q) A (P (y) vVQ(Y)) Rule T, (10), (11), and 19
{1,11} (14) F Rule T, and (13)
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which is a contradiction.Hence, the statement is valid.
Example: Using predicate logic, prove the validity of the following
argument: IEvery husband argues with his wife. x is a husband. Therefore,
x argues with his wifel.
Solution: Let P (x): x is a husband.

Q(x): x argues with his wife.

Thus, we have to show that (X)[P (X) — O(X)] A P (x) = Q(y).
{1} @O XP X — 2Kx) Rule P

I} APy —0o) Rule US, (1)

I OGPy Rule P

{1} QW) Rule T, (2), (3), and
111

Example: Prove using rules of inference

Duke is a Labrador retriever.
All Labrador retriever like to
swim. Therefore Duke likes to
swim.

Solution: We denote

!

]

L(x): x is a Labrador retriever.
S(x): x likes to swim.
d: Duke.

We need to show that L(d) A (X)(L(X) — S(x)) =S(d).

{1} @ (LX) — SK) Rule P

1} (@ L) — S@d) Rule US, (1)

2y @) L@ Rule P

1,2} (@) S(d) IRlulle T, (2), (3), and

Previous questions

Test the Validity of the Following argument: -All dogs are barking. Some
animals are dogs. Therefore, some animals are barkingl.

Test the Validity of the Following argument:

-Some cats are animals. Some dogs are animals. Therefore, some cats are dogsl.
Symbolizes and prove the validity of the following arguments :
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(i) Himalaya is large. Therefore every thing is large.

(ii) Not every thing is edible. Therefore nothing is edible.
4 a) Find the PCNF of (~p<r) *(q<p) ?

b) Explain in brief about duality Law?

c) Construct the Truth table for ~(~p~~q)?
d) Find the disjunctive Normal form of ~(p — (q”r)) ?

5 Define Well Formed Formula? Explain about Tautology with example?
6 Explain in detail about the Logical Connectives with Examples?
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1 Obtain the principal conjunctive normal form of the formula (f P—R)A(Q«<P)
8 Prove that (L] x)P(x)[] Q(x) — (LI x)P(x)] (LI x)Q(x). Does the converkeld?
9 Show that from i) ([ x)(F(x) [1 S(x)) [ (y)(M(y) (W(y))
i) (0y) M(y)l 9 W(y)) the conclusion (x)(F(x) [ 4 S(x)) follows.

I Obtain the principal disjunctive and conjunctive normal forms of (P
0 (QI R)) I (7P (7 QI 7 R)). Is this formuldautology?

1 Prove that the following argument is valid: No Mathematicians are fools. No
one who is not a fool is an administrator. Sitha is a mathematician.
Therefore Sitha is not an administrator.

? Test the Validity of the Following argument: If you work hard, you will

pass the exam. You did not pass. Therefore you did not work hard.
8 Without constructing the Truth Table prove that (pLJ q)L] g=pvq?

#  Using normal forms, show that the formula QL (P17 Q)L (qPLUq Q) isa
tautology.

15. Show that (x) (P(x) [ Q(x)) [I (x)P(x)

(0 x)Q(x) 16. Show that 7 (PLI Q) LI (

1PL (7 PLQ)) L 4PLQ)

(PUQU (7P (7 PUQ)

[ (7 P Q) 17. Prove that (L] x) (P(x) [

Q(x)) U (L x)P(x) L(L x)Q(x)

18. Example: Prove or disprove the validity of the following arguments
using the rules of inference. (i) All men are fallible (ii) All kings are
men (iii) Therefore, all kings are fallible.

19. Test the Validity of the Following argument:

-Lions are dangerous animals, there are lions, and therefore there
are dangerous animals.|

MULTIPLE CHOICE QUESTIONS
1: Which of the following propositions is tautology?

é(tﬁ)o\?]q)c_)qB pv(g—p) C.pVv(p—q)D.Both (b) & (c)
2: Whicrl? of the proposition is p™ (~ p v q) is
A A tautology B.A contradiction C.Logically equivalentto p ~ g D.All of
above
Option: C
3: Which of the following is/are tautology?

é.a_vi»b"c B.a*b—bvc C.avb— (b— c)D.None of these

tion:

4: Logicgl expression (A" B) - (C'*A) > (A=1)1s
A.ContradictionB.Valid C.Well-formed formula D.None of these

Option: D

5: Identify the valid conclusion from the premises Pv Q,Q - R, P - M, M
AP"(RVR) BPA(PNR) CRMPVQ) D.Q*"(PVR)
Option: D

6: Leta, b, ¢, d be propositions. Assume that the equivalence a <> (b v Tb) and b
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<> ¢ hold. Then truth value of the formula (a”*b) — ((a*c) vd)is
always
é'{lrgﬁ E.False C.Same as the truth value of a  D.Same as the truth value of b
7 Whicrﬁ) of the following is a declarative statement? _
A. It'sright B. He says C.Two may not be an even integer D.I love you
Option: B
8: P — (Q — R) is equivalent to
8 (F A Qz“—> R B.PvQ)— RC.(PvQ)— 1R D.None of these
ion;
9: Whic oof the following are tautologies?
A((PvQ)"Q) < Q B.(PvQ)*"1P) - Q C.(PvQ)"P)—P
_ D.Both (a) & (b)
Option: D
10: If F1, F2 and F3 are propositional formulae such that F1 * F2 — F3 and F1 * F2—F3
are both tautologies, then which of the following is TRUE?
A.Both F1 and F2 are tautologies  B.The conjuction F1 * F2 is

not satisfiable C.Neither is tautologies D.None of these
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Option: B
11. Consider two well-formed formulas in propositional logic
F1:P—1PF2: (P —1P) Vv ( 1P —)Which of the following
statement is correct? A.F1 is satisfiable, F2 is unsatisfiable B.F1
is unsatisfiable, F2 is satisfiable C.F1 is unsatisfiable, F2 is valid
_ D.F1 & F2 are both satisfiable
Option: C
12: What can we correctly say about proposition P1: (p v 1q) *
(g—r)v(rvp) APlistautology B.P1lis satisfiable
C.If pistrue and q is false and r is false, the
Plistrue D.If pastrue and g is true and r is
false, then P1 is true Option: C
13: PvQ)"(P— R)"(Q—S) is equivalent to
AS*R B.S—R C.SVR D.All of above
Option: C
14: The functionally complete set is
A{1,"MNv} B{l,*}C.{1} D.None of these
Option: C
15: (P v Q)" (P—R) " (Q — R) is equivalent to
AP B.Q CR D.True=T
Option: C
16: 1(P — Q) is equivalent to
APMQ B.PAQC.IPvQ D.None of these
Option: A
17: In propositional logic , which of the following is equivalent to p — q?
A~-p—q B~pvg C~pv~-q D.p—q
Option: B
18: Which of the following is FALSE? Read ” as And, v as OR, ~as NOT, —as
one way implication and < as two way implication?
A(x =y X) oy B.((~x =y (~x " ~y))—y  Cx—
(XY YID((xvy) <(~x V)
ption: D _ )
19: Which of the foIIowmlg well-formed formula(s) are valid?
A-EgP - Q)A(S% —KR))-»P—-R) B.(P— (%) —(1P —-1Q
8’ t_v(1£v1 )) —P D.((P > R)v(Q > R)) - (PvQl—>R)
ion:
20: Let F and q be propositions. Using only the truth table decide whether p «<» q does
not imply p
— Iq1s
A.True B.False C.None D.Both A
and B Option: A
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UNIT-2
SET THEORY

Set:A set is collection of well
defined objects.

In the above definition the words set and collection for all practical purposes are
Synonymous. We have really used the word set to define itself.

Each of the objects in the set is called a member of an element of the set. The
objects themselves can be almost anything. Books, cities, numbers, animals,
flowers, etc. Elements of a set are usually denoted by lower-case letters. While sets
are denoted by capital letters of English larguage.

The symbol € indicates the membership in a set.
If —a 1s an element of the set Al, then we write a € A.
The symbol € is read —is a member of | or —is an element of I.

The symbol [ is used to indicate that an object is

not in the given set. The symbol (] is read —is not a

member of | or —is not an element of LIf x is not an

element of the set A then we write x [] A.

Subset:

A set A is a subset of the set B if and only if every element of A is also an
element of B. We also say that A is contained in B, and use the notation A [] B.

Proper Subset:

A set A is called proper subset of the set B. If (i) A is subset of B and (ii) B is not a
subset A i.e., A is said to be a proper subset of B if every element of A belongs to
the set B, but there is atleast one element of B, which is not in A. If A is a proper
subset of B, then we denote it by A [1 B.

Super set: If A is subset of B, then B is called a superset of A.

Null set: The set with no elements is called an empty set or null set. A Null set is
designated by the symbol (] . The null set is a subset of every set, i.e., If A is any
setthen [ TA.

Universal set:

In many discussions all the sets are considered to be subsets of one particular set.
This set is called the universal set for that discussion. The Universal set is often
designated by the script letter [ . Universal set in

not unique and it may change from one discussion to another.

Power set: _
The set of all subsets of a set A is called the power set of A.

The power set of A is denoted by P (A). If A has n elements in it, then P (A) has 2"
elements:

Disjoint sets: o _
Two sets are said to be disjoint if they have no element in common.
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Union of two sets:

The union of two sets A and B is the set whose elements are all of the elements
in A or in B or in both. The union of sets A and B denoted by A [] B is read as
-A union BI.

Intersection of two sets:

The intersection of two sets A and B is the set whose elements are all of the
elements common to both A and B. The intersection of the sets of -Al and -Bl is
denoted by A [J B and is read as -A intersection Bl

Difference of sets: _ ) o
If A and B are subsgts of the universal set U, then the relative complement of B in Ais the
set of all elements in

A which are not in A. It is denoted by A— B thus: A—B ={x|x € Aand x_1B}
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Complement of a set:
If U is a universal set containing the set A, then U — A is called the complement of A. It is
denoted by A" . Thus

Al = {x: xIA}

Inclusion-Exclusion Principle:

The inclusion—exclusion principle is a counting technique which generalizes the
familiar method of obtaining the number of elements in the unionof two finite
sets; symbolically expressed as

|AU B|=|A| +|B|—|A NB|.
Fig.Venn diagram showing the

union of sets A and B
where Aand B are two finite sets and |S| indicates the cardinality of a set S (which may
be considered as the number of elements of the set, if the set is finite). The formula
expresses the fact that the sum of the sizes of the two sets may be too large since some
elements may be counted twice. The double-counted elements are those in the
intersection of the two sets and the count is corrected by subtracting the size of the
intersection.

The principle is more clearly seen in the case of three sets, which for the sets A, B and
C is given by

JA U BU BC|=|A|+ B[+ |C] —|A N BI-|C N B| - |A N C]+/A NBNC|.

Fig.Inclusion—exclusion
illustrated by a Venn diagram
for three sets

This formula can be verified by counting how many times each region in the
Venn diagram figure is included in the right-hand side of the formula. In this case,
when removing the contributions of over-counted elements, the number of
elements in the mutual intersection of the three sets has been subtracted too often,
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so must be added back in to get the correct total.

In general, Let AL, - - -, Ap be finite subsets of a set U. Then,
A Ua U Uy = Dl 1= D Ja, Nag|+
l=isp l=iy <ip=p

Z. |A|| ﬁAI: ﬁa"l|3|—--~+|:—1}"")_l |A|ﬁA2ﬁ'“ﬁA;ﬁ|r

l=iy iy =iz =p

Example: How many natural numbers n < 1000 are not
divisible by any of 2,3? Ans: Let A, ={n €N |n <1000,
2|n} and Az ={n € N | n <1000, 3|n}.

Then, |A2 U.A3| = |A2| + JA3| - |A2 N A3| =500 + 333 — 166 =667.

So, the required answer 1s 1000 — 667 = 333.
Example: How many integers between 1 and 10000 are divisible by
noneof 2,3,5, 7?2 Ans: Forie€{2,3,5, 7}, letAi={neN|n<
10000, i|n}.

Therefore, the required answer is 10000 — |A, U Az U As U A;| = 2285,
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Relations
Definition: Any set of ordered pairs defines a binary relation.

We shall call a binary relation simply a relation. Binary relations
represent relationships between elements of two sets. If R is a relation, a
particular ordered pair, say (X,

y) €R can be written as xRy and can be read as -x is in relation R to yl.

Example: Give an example of a relation. o,
Solution: The relation —-greater thanl for real numbers is denoted by > . If x and
y are any two real numbers such that x >y, then we say that (X, y) €>. Thus the
relation > is { } >= (x,

y) : xand y are real numbers and x >y

Example: Define a relation between two sets A = {5, 6, 7} and B = {Xx, y}.

Solution: If A= {5, 6, 7} and B = {x, y}, then the subset R = {(5, x), (5, y), (6,
X), (6, y)} is a relation from A to B.

Definition: Let S be any relation. The domain of the relation S is defined as the
set of all first elements of the ordered pairs that belong to S and is denoted by
D(S).

D(S)={x:(x,y) €S, forsomey }
The range of the relation S is defined as the set of all second elements of the
ordered pairs that belong to S and is denoted by R(S).

R(S) ={y:(x,y) €S, for some x}
Example: A={2, 3,4} and B ={3, 4, 5, 6, 7}. Define a relation from Ato B by (a, b) € R
ifa
divides b.
Solution: We obtain R = {(2, 4), (2, 6), (3, 3), (3, 6), (4, 4)}.

Domain of R = {2, 3, 4} and range of R = {3, 4, 6}.

Properties of Binary Relations in a Set

A relation R on a set X is said to be
e Reflexive relation if xRx or (x, X) ER, VX € X

e Symmetric relation if xRy then yRx, Vx,y €X
e Transitive relation if xRy and yRz then xRz, Vx, y, z € X

o lrreflexive relation if x/Rx or (X, X) [J R, ¥YX €X
e Antisymmetric relation if for every x and y in X, whenever xRy and yRx, then x
= y
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Examples: (i). If R1 ={(1, 1), (1, 2), (2, 2), (2, 3), (3, 3)} be arelation on A ={1, 2,
3}, then R1 is a reflexive relation, since for every x € A, (x, X) € R1.

(i). IfR2 ={(1, 1), (1, 2), (2, 3), (3, 3)} be arelation on A ={1, 2, 3}, then R2 is
not a reflexive relation, since for every 2 € A, (2, 2) [J R2.

@m). IFR3={(1, 1), (1, 2), (1, 3), (2, 2), (2, 1), (3, 1)} be a relation on A = {1, 2, 3}, then
R3 is a symmetric relation.
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(iv). IfR4 ={(1, 2), (2, 2), (2, 3)} on A ={1, 2, 3} is an antisymmetric.

Example: Given S ={1, 2, ..., 10} and a relation R on S, where R = {(x, y)| x + y = 10}.
What are the properties of the relation R?

Solution: Given that
S={1,2, .., 10}

0 ={(x,y)| x+y=10}
0 ={(1,9), (9, 1), (2, 8), (8,2), (3,7), (7, 3), (4, 6), (6, 4), (5, 5)}.

(i). Forany x € S and (x, x) [JR. Here, 1 €S but (1, 1) [IR.
> the relation R is not reflexive. It is also not irreflexive, since
(5,5 €eR. (i).(1,99eR=(9,1) eR
(2,8)eR=(8,2) ER.....
> the relation is symmetric, but it is not antisymmetric. (iii). (1,9) eRand (9, 1) eR
=(1,1) OR
> The relation R is not transitive. Hence, R is symmetric.

Relation Matrix and the Graph of a Relation

Relation Matrix: A relation R from a finite set X to a finite set Y can be repre-
sented by a matrix is called the relation matrix of R.

Let X = {x1, X2, ..., xm} and Y ={y1, y2, ..., yn} be finite sets containing m and n
elements, respectively, and R be the relation from A to B. Then R can be
represented by an m x n matrix

MR = [rij ], which is defined as 01, if(x,y)OR

follows: _
r.. = [] i

j
Y00, if (xi,yj) DR

Example. Let A ={1, 2, 3, 4} and B = {b1, b2, b3}. Consider the relation R = {(1,
b2), (1, b3), (3, b2), (4, b1), (4, b3)}. Determine the matrix of the relation.
Solution: A={1, 2, 3, 4}, B={b1, b2, b3}.

Relation R = {(1, b2), (1, b3), (3, b2), (4, b1), (4, b3)}.
Matrix of the relation R is written as

% 01 1g
ThatisMRzDO 0 00
o { op
0 |
110 1

MATHEMATICAL FOUNDATION OF COMPUTER SCIENCE - MRCET Page 64



Example: Let A = {1, 2, 3, 4}. Find the relation R on A determined by the matrix
DD 10 1 0 %

0 o0 1 0p
R="11 10 0"
0 0 []

01
11 O

Solution: The relation R = {(L, 1), (1, 3), (2, 3), (3, 1), (4, 1), (4, 2), (4, 4)}.

M

Properties of a relation in a set:
(i). If a relation is reflexive, then all the diagonal entries must be 1.

(ii). If a relation is symmetric, then the relation matrix is symmetric, i.e., rij = rji
for every i and j. (iii). If a relation is antisymmetric, then its matrix is such that if
rij = 1 then rji = 0 for i =j.

Graph of a Relation: A relation can also be represented pictorially by drawing its
graph. Let R be a relation in a set X = {x1, X2, ..., Xm}. The elements of X are

represented by points or circles called nodes. These nodes are called vertices. If (xi,
Xj ) € R, then we connect the nodes xj and Xj

by means of an arc and put an arrow on the arc in the direction from xj to Xj . This

is called an edge. If all the nodes corresponding to the ordered pairs in R are
connected by arcs with proper arrows, then we get a graph of the relation R.

Note: (i). If XiRxj and xj Rxi, then we draw two arcs between Xj and xj with
arrows pointing in both directions.

(i1). If xjRxij, then we get an arc which starts from node xj and returns to node X;j.
This arc is called a loop.

Properties of relations:

(i). If arelation is reflexive, then there must be a loop at each node. On the other
hand, if the relation is irreflexive, then there is no loop at any node.

(ii). If a relation is symmetric and if one node is connected to another, then there
must be a return arc from the second node to the first.

(iii). For antisymmetric relations, no such direct return path

should exist. (iv). If a relation is transitive, the situation is not

so simple.

Example: Let X = {1, 2, 3, 4} and R={(X, y)| x > y}. Draw the graph of R and also
give its matrix. Solution: R = {(4, 1), (4, 3), (4, 2), (3, 1), (3, 2), (2, 1)}.
The graph of R and the matrix of R are
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Partition and Covering of a Set
Let Sbe agivensetand A ={A1, A2, -, Am} where each Aj,i=1,2, -, mis asubset
or% S and

[TAj IS,
R

Then the set A is called a covering of S, and the sets A1, A2, - - -, Am are said to

cover S. If, in addition, the elements of A, which are subsets of S, are mutually
disjoint, then A is called a

partition of S, and the sets A1, A2, - - -, Am are called the blocks of the partition.

Example: Let S ={a, b, c} and consider the following collections of subsets of S. A
={{a, b}, {b, c}}, B={{a}, {a, c}}, C = {{a}, {b, c}}, D ={{a, b, c}}, E={{a}, {b},
{c}}, and F = {{a}, {a, b}, {a,

c}}. Which of the above sets are covering?

Solution: The sets A, C, D, E, F are covering of S. But, the set B is not covering
of S, since their union is not S.

Example: Let S ={a, b, c} and consider the following collections of subsets of S.
{A{ =}{{{a, b};} {b, c}}, B={{a}, {b, c}}, C ={{a, b, c}}, D ={{a}, {b}, {c}}, and E=
a}, {a, c}}.

Which of the above sets are covering?

Solution: The sets B, C and D are partitions of S and also they are covering. Hence,
every partition is a covering.

The set A is a covering, but it is not a partition of a set, since the sets {a, b} and
{b, c} are not disjoint. Hence, every covering need not be a partition.

The set E is not partition, since the union of the subsets is not S. The partition C has
one block and the partition D has three blocks.

Example: List of all ordered partitions S = {a, b, c, d} of
type (1, 2, 2). Solution:

({a}, {b}, {c. d}), ({b}. {a}, {c, d})
({a}, {c}. {b, d}), ({c}, {a}, {b, d})
({a}, {d}, {b, c}), ({d}. {a}, {b, c})
(@00 0. o) (6 0. 0.0
. . ) v 14, Cy), ) 14, C
EqL“VaIence Relations ({C}, {d}, {a’ b}), ({d}, {C}, {a’ b})

A relation R in a set X is called an equivalence relation if it is reflexive, symmetric
and transitive. The following are some examples of equivalence relations:
1.Equality of numbers on a set of real numbers.
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2. Equality of subsets of a universal set.

Example: Let X = {1, 2, 3, 4} and R == {(1, 1), (1, 4), (4, 1), (4, 4), (2, 2), (2, 3), (3, 2),
3, 3)}.

Prove that R is an equivalence relation.

MATHEMATICAL FOUNDATION OF COMPUTER SCIENCE - MRCET Page 68



1710 0 1
0 1 1 ja
MR= " T, 0
11 [
110 0 0%
1
0
(M -
Gt Yo
/ /¢&\\
\ ) \\Y‘\‘/

The corresponding graph of R is shown in figure:

Clearly, the relation R is reflexive, symmetric and transitive. Hence, R is an
equivalence relation. Example: Let X ={1, 2, 3, ..., 7}and R =(X, y)| x — y IS
divisible by 3. Show that R is an equivalence relation.

Solution:  (i). Forany x € X, x — x = 0 is divisible by 3.

= XRX
= R is reflexive.
@ Foranyx,y €X, if xRy, then x — y is divisible by 3.
3> —(x — y) is divisible by 3.
3> y — x is divisible by 3.
2> YRX
Thus, the relation R is
symmetric. (iii). Forany x, y, z € X, let
xRy and yRz.
3> (x —y) + (v — z) is divisible by 3
> x — z is divisible by 3
> XRz

Hence, the relation R is transitive.
Thus, the relation R is an equivalence relation.
Congruence Relation: Let | denote the set of all positive integers, and let m be

apositive integer. For x € l and y € |, define Ras R = {(x, y)| x — y is divisible by m

¥

”rl]“he s%ﬁtement Ix — y is divisible by ml is equivalent to the statement that both x and y
ave tne

same remainder when each is divided by m.
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In this case, denote R by = and to write xRy as x = y (mod m), which is read as Ix equals

toy
modulo ml. The relation = is called a congruence relation.
Example: 83 = 13(mod 5), since 83-13=70 is divisible by

5.
Example: Prove that the relation -congruence modulo ml over the set of positive integers

IS an equivalence relation.

Solution: Let N be the set of all positive integers and m be a positive integer.
We define the relation Icongruence modulo ml on N as follows:

Let X,y €N. x =y (mod m) if and only if x — y is divisible by m.
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Letx,y,z€N.

Then (i). x —x =

0.m

3> x =x (mod m) forall x eN

(ii). Let x = y (mod m). Then, x — y is divisible by m.
3 —(x —y) =y — xisdivisible

by m. i.e., y = x (mod m)

~ The relation = is symmetric.

s> x —yand y — z are divisible by m. Now (x — y) + (y — z) is divisible by
m. i.e., x — z is divisible by m.

3 x =z (mod m)

=~ The relation = is transitive.

Since the relation = is reflexive, symmetric and transitive, the relation congruence
modulo m is an equivalence relation.

Example: Let R denote a relation on the set of ordered pairs of positive integers such that

(x.y)R(u,
v) Iff xv = yu. Show that R is an equivalence relation.

Solution: Let R denote a relation on the set of ordered pairs of positive integers.
Let x, y, u and v be positive integers. Given (x, y)R(u, v) if and
only if xv =yu. (i). Since xy = yx is true for all positive
integers

> (X, Y)R(X, y), for all ordered pairs (X, y) of positive integers.
~ The relation R is reflexive. (ii). Let (x, y)R(u, v)
3 XV =YyU = yu
= XV =UYy = VX
=(u, V)R(X, y)
=~ The relation R is symmetric.
(iii). Let X, y, u, v, m and n be positive

integers Let (x, y)R(u, v) and (u,
V)R(m, n)

> XV =Yyu and un =vm

5 Xvun = yuvm

> Xn =ym, by canceling uv
= (X, Y)R(m, n)

=~ The relation R is transitive.

MATHEMATICAL FOUNDATION OF COMPUTER SCIENCE - MRCET Page 71



Since R is reflexive, symmetric and transitive, hence the
relation R is an equivalence relation.
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Compatibility Relations

Definition: A relation R in X is said to be a compatibility relation if it is reflexive and
symmetric. Clearly, all equivalence relations are compatibility relations. A compatibility
relation is sometimes denoted by ~.

Example: Let X = {ball, bed, dog, let, egg}, and let the relation R be given by

R={(x,y)| X,y € X AXRy if x and y contain some common
letter}. Then R is a compatibility relation, and x, y are called
compatible if xRy. Note: ball~bed, bed~egg. But ball~egg.
Thus = is not transitive.

Denoting Iballl by x1, Ibedl by x2, Idogl by x3, lletl by x4, and leggl by x5, the graph of 4s

X

given as follows:
Maximal Compatibility Block:

Let X be a set and ~ a compatibility relation on X. A subset A € X is called a
maximal compatibility block if any element of A is compatible to every other
element of A and no element of X — 4 is compatible to all the elements of A.

Example: The subsets {x1, x2, x4}, {x2, X3, x5}, {x2, x4, x5}, {x1, x4, x5} are
maximal compatibility blocks.

Xy

Example: Let the compatibility relation on a set {x1, X2, ..., X6} be given by the matrix:

x2 1
x31 1
x40 0 1
x50 0 1 1
x61 0 1 0 1
X1 x2 X X X
3 4 5
Draw the graph and find the maximal compatibility blocks of the
relation. Solution: |
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The maximal compatibility blocks are {x1, x2, x3},{x1, X3, X6},{x3, X5, X6},{X3, X4, X5}.
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Composition of Binary Relations
Let R be a relation from X to Y and S be a relation from Y to Z. Then a relation

written as R ° S is called a composite relation of R and S where RS = {(x, z)| x €
X,z €Z,and there existsy € Y with (x,y) € Rand (y, z) €S }.

Theorem: If R is relation from A to B, S is a relation from B to C and T is a relation from
CtoD
then 7o (S° R)=(T°S)° R

Example: Let R ={(1, 2), (3, 4), (2, 2)} and S = {(4, 2), (2, 5), (3, 1), (1, 3)}. Find R
°©S, SR, R°(S°R),(R°S)°R,R°R,S°S,and (R°R) ° R.
Solution: Given R ={(1, 2), (3, 4), (2, 2)} and S = {(4, 2), (2, 5), (3, 1), (1, 3)}.

R~>S5={(1,5), (3, 2), (2,5}

S R={(4,2),3,2),(1,4)}=R-S

(R°S)°R={(3 2)}

Re(S°R)={(3,2)}=(R°S5)°R

R>R={(1,2),(22)}

R°R->S8={(4,5), (3, 3), (1, 1)}

Example: Let A ={a, b, c}, and R and S be relations on A whose
matrices are as given below:

110 1r] 1 0 0[
[] . O o 1D
MR =[]
11 OmzagdlMs 1 1@
]
17 DO

Find the composite relations R S, S° R, R° R, S~ S and

their matrices. Solution:
R={(a, a), (a c), (b a), (b, b), (b, c), (c, b)}
S={(a, a), (b, b), (b, ¢), (c, a), (c, ¢)}. From these, we find that
R°S={(a, a), (a c),b,a), (b b), (b, c),(cDb),(cc)}
SeR={(g a), (ac) (b Db) (b a) (b ) (c a)cDb) (c )}
R°R=R"={(a, a), (a, c), (a, b), (b, a), (b, c), (b, b), (c, a), (c, b),

(c,c)}S-S= 82 ={(a, a), (b, b), (b, ¢), (b, a), (c, a), (c, ¢)}.

The matrices of the above composite relations are as given

below:
%10 1% Dl(l)m Hl 1D15
]
111
MRO S= - M : = :
OROS . I’.!allg, SO HIEAROR 10
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Transitive Closure
Let X be any finite set and R be a relation in X. The relation R" =RUR
in X is called the transitive closure of R in X.
Example: Let the relation R = {(1, 2), (2, 3), (3, 3)} on the set {1, 2, 3}. What is the
transitive closure of
R?
Solution: Given that R = {(1, 2), (2, 3), (3, 3)}.
2 53

The transitive closure of R is R+ =RUR“UR
U---=R={(1, 2), (2, 3), (3, 3)}

R®=R-R= {1,2),(2,3),3,3)}°{(1,2),(23),3,3)}r={(1,3),
?,3). 3. 3}

R =R R={(1, 3), (2, 3), (3, 3)}

RY=R3-R={(,3), (2 3),

3,3)}R =RUR?UR3U
4

R'U..
={(1,2),(2,3). (3,3} u{(1,3),(2,3), (3, 3)} U {(1,3),(2,3), (3, 3)} U

={(1,2), (1.3),(2.3). 3,3)}
Therefore R ={(1, 2), (1, 3), (2, 3), (3, 3)}.
Example: Let X ={1, 2, 3,4} and R ={(1, 2), (2, 3), (3, 4)} be a relation on X. Find R,

Solutionz' Given R ={(1, 2), (2, 3), (3, 4)}

20R3 U- - .URM

R, ={(1,3), (2, 4)}
R, =LA}
RT={(1,4)}

R = {1, 2),(2,3), (3,4),(1,3),(2,4), (1, 4)}.
Partial Ordering
A binary relation R in a set P is called a partial order relation or a partial
ordering in P iff R is reflexive, antisymmetric, and transitive. i.e.,

e aRaforallaeP
e aRbandbRa=a=>b

e aRband bRc =>aRc

A set P together with a partial ordering R is called a partial ordered set or poset. The
relation R is often denoted by the symbol <which is diff erent from the usual less

than equal to symbol. Thus, if
<is a partial order in P , then the ordered pair (P, <) is called a poset.

Example: Show that the relation lgreater than or equal tol is a partial ordering on
thesetd  integers. .,
Solution: Let Z be the set of all integers and the relation R =>

(1). Since a > a for every integer a, the relation > is
reflexive. (ii). Let a and b be any two integers.
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LetaRbandbRa=a>band b >a
=>a=b

=~ The relation > is antisymmetric. (iii).
Let a, b and c be any three integers.
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LetaRbandbRc=>a>bhand b >c

=>a>c
! !
~ The relation > is transitive.

Since the relation > is reflexive, antisymmetric and transitive, > is partial ordering on
the set of integers. Therefore, (Z, >) is a poset.

Example: Show that the inclusion € is a partial ordering on the set power

set of a set S. Solution: Since (i). A Aforall AcC S, C is reflexive.
(i).AcBandBSA=A=B,Cis
antisymmetric. (iii), ASBandB<SC=A
C C, Cis transitive.

Thus, the relation < is a partial ordering on the power set of S.

Example: Show that the divisibility relation '/' Is a partial ordering on the set of

positive integers. Solution: Let 7" be the set of positive integers.
Since (i). a/afor all a € Z+, / is reflexive.

(i).a/bandb/a=a="0b,/is
antisymmetric. (iii). a/b and b/c =
alc, / is transitive.

It follows that / is a partial ordering on Z" and (Z+, /) is a poset.

Note: On the set of all integers, the above relation is not a partial order as a and
—a both divide each other, but a = —a. i.e., the relation is not antisymmetric.
Definition: Let (P, <) be a partially
ordered set. If for every x, y € P we have either x <y Vv y <x, then <is called a simple
ordering or
linear ordering on P, and (P, <) is called a totally ordered or simply ordered set or a
chain.
Note: It is not necessary to have x <y or y <x for every x and y in a poset P . In fact,
X may not be related to y, in which case we say that x and y are incomparable.
Examples:

(i). The poset (Z, <) is a totally ordered.

Since a <b or b <a whenever a and b are integers.
(ii). The divisibility relation / is a partial ordering on the set of positive integers.

Therefore (Z ', /) is a poset and it is not a totally ordered, since it contain elements that
are
incomparable, such as 5 and 7, 3 and 5.

Definition: In a poset (P, <), an elementy € P is said to cover an element x € P if x
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<y and if there does not exist any element z € P such that x <z and z <y; that is, y
coversx & (X<yA(x<z
<y=>X=zZVZ=Y)).

Hasse Diagrams
A partial order <on a set P can be represented by means of a diagram known as
Hasse diagram of (P, <). In such a diagram,

(i). Each element is represented by a small circle or dot.

(ii). The circle for x € P is drawn below the circle fory € P if x <y, and a line

Is drawn between x and y if y covers x.

(iii). 1 x I< “but y does not cover x, then x and y are not connected directly by a
single Tine.
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Note: For totally ordered set (P, <), the Hasse diagram consists of circles one below

the other. The poset is called a chain.

Example: Let P = {1, 2, 3, 4, 5} and < be the relation lless than or equal tol
then the Hasse diagram is:

It is a totally ordered set.

Example: Let X ={2, 3, 6, 12, 24, 36}, and the relation <be such that x <y if x
divides y. Draw the Hasse diagram of (X, <). Solution: The Hasse diagram is is
shown below:

36 24

It is not a total order set.

Example: Draw the Hasse diagram for the relation R on A = {1, 2, 3, 4, 5} whose

relation matrix given below:

510 1 1 1
0111 1
?oo 11 1§
MR =00 0 1 0~
l%’ 000 1@
[] []
Solutio
n.

R={(1,1),(1,3),(1,4), (1,5), (2, 2),(2,3),(2,4), (2,5), (3,3), (3, 4). (3, 5), (4,

4), (5.5)}.

Hasse diagram for MR is
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Example: A partial order R on the set A = {1, 2, 3, 4} is represented by the
following digraph. Draw the Hasse diagram for R.

¢ &

(33 (8

S

Solution: By examining the given digraph , we find that
R={(1,1),(1,2),(1,3),(1,4),(22),(24),(3,3), (4 4)}
We check that R is reflexive, transitive and antisymmetric. Therefore, R is partial
order relation on A.
The hasse diagram of R is shown below:

4

Example: Let A be a finite set and p(A) be its power set. Let < be the inclusion
relation on the elements of p(A). Draw the Hasse diagram of p(A), <) for

. A={a}
e A={a,
b}. Solution: (i). Let A
={a}
p(A) = {9, af
Hasse diagram of (p(A), €) is shown in F A={a}
¢
(ii). Let A ={a, b}. p(A) = {9, {a}, (]}, {a,
b}}. The Hasse diagram for (p(A), S) is
shown in fig:
{a, b} {a, b}
{a} {b} {b} {a}
¢ ¢
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Example: Draw the Hasse diagram for the partial ordering € on the power set P (S)

where S={a, b, c}.
Solution: S={a, b, c}.
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P(S) =19, {a}, {b}, {c}, {a, b}, {a, ¢}, {b ¢}, {a, b, c}}.

Hasse diagram for the partial ordered set is shown in fig:
A={a, b, c}

(@ by {a 0}
]; PR K ]

7 WA .
{ayo_ {b}T @ {c}
N e

Bl

Example: Draw the Hasse diagram representing the positive divisions of 36 (i.e., D36).

Solution: We have D36 ={1, 2, 3, 4, 6,9, 12, 18, 36} if and only a divides b. The
Hasse diagram for R is shown in Fig.

Minimal and Maximal elements(members): Let (P, <) denote a partially or-
dered set. An elementy € P is called a minimal member of P relative to <if for no
XEP,iIsx<y.

Similarly an element y € P is called a maximal member of P relative to the partial
ordering <if

fornoxeP,isy<
X. Note:
(i). The minimal and maximal members of a partially ordered set need not unique.
(i). Maximal and minimal elements are easily calculated from the
Hasse diagram. They are the 'top' and 'bottom' elements in the
diagram.
Example: 5

In the Hasse diagram, there are two maximal elements and two
minimal elements. The elements 3, 5 are maximal and the elements 1,

and 6 are minimal. .
Example: Let A={a, b, c, d, e} and let the b
partial order on A in the natural

e
way. g
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The element a is maximal.
The elements d and e are minimal.

Upper and Lower Bounds: Let (P, <) be a partially ordered set and let A € P . Any
elementx €P

Is called an upper bound for A if for all a € A, a < x. Similarly, any element x € P is
called a
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lower bound for A if for alla € A, x <a. Example: A={1, 2, 3, ..., 6} be ordered as
pictured in figure. 4 5

6

If B = {4, 5} then the upper bounds of B are 1, 2, 3. The lower bound of B is 6.
Least Upper Bound and Greatest Lower Bound:

Let (P, <) be a partial ordered set and let A € P . An element x € P is a least upper
bound or supremum for A if x is an upper bound for A and x <y where y is any
upper bound for A. Similarly, the the greatest lower bound or in mum for A is an

element x € P such that x is a lower bound and y <x for all lower bounds y.

Extahmple: Find the great lower bound and the least upper bound of {b, d, g}, if they exist
in the

poset shown in fig:

Solution: The upper bounds of {b, d, g} are g and h. Since g < h, g is the least
upper bound. The lower bounds of {b, d, g} are a and b. Since a < b, b is the
greatest lower bound.

Example: Let A={a, b, c, d, e, f, g, h} denote a partially ordered set whose Hasse
diagram is shown in Fig: g ,

If B ={c, d, e} then f, g, h are upper
bounds of B. The element f is least upper
bound. a b

Example: Consider the poset A ={1, 2, 3, 4, 5, 6, 7, 8} whose Hasse diagram is shown in
Fig and
let B={3, 4, 5} 8

—______________] 3
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The elements 1, 2, 3 are lower
bounds of B. 3 is greatest lower
bound.
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Functions
A function is a special case of relation.
Definition: Let X and Y be any two sets. A relation f from X to Y is called a function if for

every x

€ X, there is a unique element y € Y such that (x, y) € f. Note: The definition of
function requires that a relation must satisfies two additional conditions in order to
qualify as a function. These conditions are as follows:

(i) For every x € X must be related to some y €Y, i.e., the domain of f must be X

and nor merely a subset of X.

@ Uniqueness,i.e., (x,y) efand (x,z) ef=y=12

The notation f: X — Y, means f is a function from X toY .

Example: Let X ={1, 2,3}, Y ={p, q, r} and f = {(1, p), (2, @), (3, )} then f(1) = p, f(2) =

g, f(3) _ .
=r. Clearly fis a function fromXtoY. .

X 1
Domain and Range of a Function: If f : X — Y'is a function, then X is called the
Domain of f and the set Y is called the codomain of f. The range of f is defined as
the set of all images under f.
It is denoted by f(X) = {y| for some x in X, f(xX) = y} and is called the image of X inY . The
Range

f is also denoted by Rf .

Example: If the function f is defined by f(x):x2 + 1 on the set {—2, —1, 0, 1, 2}, find the

range of
f

Solution: f(—2) = (-2)2 +1=5

f(-1) = (-1)°+1=2

fO)=0+1=1
f)=1+1=2
f2)=4+1=5

Therefore, the range of f = {1, 2, 5}.

Types of Functions

One-to-one(Injection): A mapping f: X — Yis called one-to-one if distinct
elements of X are mapped into distinct elements of Y , i.e., f is one-to-one if
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X1 =/x2 = f(x1) =
for equivalently f(x1) = f(x2) = x1 = x2 for
I

e‘. <a

P Y
X1, X2 € X.
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Example: f: R — R defined by f(x) = 3x, ¥X €R is one-one, since
f(x1) = f(x2) = 3x1 = 3x2 = x1 = x2, VX1, X2 €R.
Example: Determine whether f: Z — Z given by f(x) = x2, X € Z is a one-to-One

function. Solution: The function f : Z — Z given by f(x) = x2, X € Z is not a one-to-
one function. This is because both 3 and -3 have 9 as their image, which is against
the definition of a one-to-one function.

Onto(Surjection): A mapping f : X — Y'is called onto if the range set Rf = Y .

If f: X — Y'is onto, then each element of Y is f-image of atleast one

element of X. i.e., {f(x) : x e X} =Y.
If f is not onto, then it is said to be into.

T~
&>
(E w"w'ﬂ
C=Y)

Surjective Not Surjective
Example: f: R — R, given by f(x) = 2x, ¥x € R is onto.

Bijection or One-to-One, Onto: A mapping f : X — Y is called one-to-one, onto or
bijective if it is both one-to-one and onto. Such a mapping is also called a one-to-
one correspondence between Xand Y .

F

<]

>4 ¥

Example: Show that a mapping f: R — R defined by f(x) =2x+ 1 forx eR is a
bijective map from R to R.
Solution: Let f: R — R defined by f(x) = 2x + 1 for x € R. We need to prove that f is

a bijective map, i.e., it is enough to prove that f is one-one and onto.

e Proof of f being one-to-one
Let x and y be any two elements in R such that f(x) = f(y)

=>2x+1=2y+1
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> X=Y

Thus, f(x) =f(y) > x =y
This implies that f is one-to-one.
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e Proof of f being onto
Let y be any element in the codomain R

= f(x) =y
=>2X+1=y
= X =(y-1)/2

Clearly, x = (y-1)/2e R

Thus, every element in the codomain has pre-image in

the domain. This implies that f is onto

Hence, f is a bijective map.
Identity function: Let X be any set and f be a function such that f : X — X is defined by
f(x) = x
for all x € X. Then, f is called the identity function or identity transformation on X. It
can be

denoted by I or Ix.
Note: The identity function is both one-to-one and onto.

Let Ix(x) = Ix(y)
3X=Y
> Ix is one-to-one

Ix is onto since x = Ix(x) for all x.
Composition of Functions

Letf: X — Yandg: Y — Zbe two functions. Then the composition of f and g
denoted by g ° £, is the function from X to Z defined as

(g > A(x) = g(f(x)), for all x € X.
Note. In the above definition it is assumed that the range of the function f is a

subset of Y (the Domain of g), i.e., Rf € Dg. g ° f'is called the left composition g

with f.
CE])xa(réwple: Let X={1,2,3},Y={p,q}and Z={a, b}. Also letf: X — Y be f={(1, p), (2,

q}andg: ¥ — Zbe given by g = {(p, b), (q, b)}. Find g = £ Solution: g = 7= {(1, b), (2,
b), (3, b).

Example: Let X ={1, 2, 3} and f, g, h and s be the functions from
X to X given by
F={1,2),(23),3 1} 9={12),(21), 3 3)}
h={1,1), (22,3 1)} s={1,1), (2 2), (3 3)}
Findfeofigeofifoheog,sog,ges;ses;andfes.

Solution:
fog=4{1,3),(2,2), 3, 1)}
g°f={1,1),(23),3,2}~fg
feheg=fo(heog)=/°{(1,2),(21)G 1)}
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={(1,3),(2,2), 3, 2)}
scg={1,2),(2,1),3,3)}=49
g°s={(12),(21), 3 3)}
Lseg=gos=(Q
ses={(L 1), (22),3,3)}=s

fos={(1,2),(2,3). 3, 1)}
Thus,scs=s,fog#gef,seg=gos=gandhes=soh=h.
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Example: Let f(x) =x + 2, g(x) =x — 2 and h(x) = 3x for x €R, where R is
the set of real numbers. Find g o fi fog;fofigog, foh,heog he
f,and fe h°qg.

Solution: f: R — R is defined by f(x) = x + 2

f: R — Risdefined by g(x) =x — 2
h: R — R is defined by h(x) = 3x
e g°fIR—>R
Let x € R. Thus, we can write
(g N) =9(f(x)) =g(x +2) =x+2 -2 =X
(g2 )X = {(x, ¥)| x € R}
(o)) =f(g(x) =fx —2) = (x —2) + 2 =X
+f°g={(x x| xR}
(foNX) =1f(f(x)) =f(x +2) =x+2+2=x+4
s fef={(x x+4)| x ER}
(g°9)(¥)=09(gX)=0g(x—-2)=x-2-2=x—4
=>g°g={(x, x —4)| x€R}
(f o h)(x) =f(h(x)) =f(3x) =3x + 2
s foh={(x, 3x + 2)| x ER}
(h°g)(x) =h@(x)) =h(x—2)=3(x—-2)=3x -6
~heg={(X, 3x — 6)| x € R}
(heD)(X)=h(f(X)) =h(x+2)=3(x+2)=3x+6hof=
{(x, 3x + 6)| x € R}

(foheg)X)=[fe(h-0)](X)
f(hog(x))=f(3x—6)=3x—6+2=3x—4

s feoheg={(X 3x—4)|x €R}.

Example: What is composition of functions? Let f and g be functions from R to

R, where R is a set of real numbers defined by f(x) = x2 +3x+1land g(x) =2x —
3. Find the composition of functions: i) f° fii) fo g ii) g ° f.

MATHEMATICAL FOUNDATION OF COMPUTER SCIENCE - MRCET

Page 95



Inverse Functions

A function f : X — Y'is aid to be invertible of its inverse function f_1 is also function
from the

range of f into X.

Theorem: A function f : X — Yis invertible < f is one-to-one and onto.

Example: Let X={a, b,c,d}and Y ={(1, 2, 3, 4} and let f : X — Y be given by f =

{(a, 1), (b,_21, (c,2), (d, 3} Is f_1 a function?

Solution: f = ={(1, a), (2, b), (2, ¢), (3, d)}. Here, 2 has two distinct images b and c.
Therefore, f is not a function.

Example: Let R be the set of real numbers and f: R — R be given by f = {(x, X*)| x €

R}. Is f * a function?

Solution: The inverse of the given function is defined as f* = {(x°,
X)| x € R}. Therefore, it is not a function.

Theorem: Iff: X — Yand g : Y — Xbe such that g > f=Ix and f> g = ly, then f

1

and g are both invertible. Furthermore, f ~ =g and g_1 =T,

Example: Let X ={1, 2, 3, 4} and f and g be functions from X to X given by f = {(1, 4), (2,
1), (3,

2), (4,3)}and g ={(1, 2), (2, 3), (3, 4), (4, 1)}. Prove that f and g are inverses

of each other. Solution: We check that

N =9(M)=0@) =1, (=  =fe)=f@)=1=
=1 9)(1) IX(1).
-N@=90@)=9) =k@ (-  =fo@R)=f3)=2=
=2 0)(2 Ix(2).
€)@ =9f@)=0@) =3 (>  =feE)=f(#)=3=

Ix(3), 0)3 Ix(3).
€ N@=gf@)=0@)  =4= (> =fg@)=f(1)=4=

x4, 94 Ix(4)

Thus, for all x € X, (g ° )(x) = Ix(x) and (f> 2)(x) = Ix(x). Therefore g is inverse of f
and f is inverse of g.
Example: Show that the functions f(x) = x
another.
Solution: f: R — R is defined by f(x) = x3 ; . R — R is defined by g(x) = xl/
(e £ = f(gx) = fx'3) =13 =
X = Ix(x) i.e., (f° 2)(x) = Ix(x
and (g - )(x) = g(f(9) = g(x°) = x*13) =
X = Ix(X) i.e_.,l(g ° f)(x)_=1lx(x)
Thus,f=g “org=f
., Tand g are inverses of one other.
***Example: f: R — R is defined by f(x) = ax + b, for a, b e R and a =/0.

3 and g(x) = x1/3 for x €R are inverses of one

3



Show that fis invertible and find the inverse of f.
(i) First we shall show that f is one-to-one

Let x1, x2 € R such that f(x1) = f(x2)
saxl+b=ax2+b

3 axX]l = ax2
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= X1 = X2
=~ f is one-to-one.
e To show that f is onto.
Let y € R(codomain) such that y = f(x) for some x € R.
s y=ax+b
sax=y—Db
= X = (y-b)/a
Given y € R(codomain), there exists an element x = (y-b)/a € R such that f(x) =.

~ fisonto
> fis invertible and f_l(x): (x-
b)/a
Example: Let f: R — R be given by f(x) = x3 — 2. Find f_l.
(i) First we shall show that f is one-
to-one Let x1, x2 € R such that
f(x1) =f(x2)
= x31 —-2= x32 -
2= x31 = x32
= X1 = X2
=~ f is one-to-one.
e To show that f is onto.
=>y=x" -2

=x° = y+2

= X3 + 2
Giveny € R(codomain), there exists an Jy [ 2€ R such that f(x) =y.
elementx = 3

~ fisonto

- fis invertible and f~ T(&f= 2

Floor and Ceiling functions:
Let x be a real number, then the least integer that is not less than x is called the

CEILING of x. The CEILING of x is denoted by [X].

Examples: [2.15] =3,[ V5] =3,[ -7.4] =7, [-2] =2
Let x be any real number, then the greatest integer that does not exceed x is called

the Floor of x. The FLOOR of x is denoted by |x].

MATHEMATICAL FOUNDATION OF COMPUTER SCIENCE - MRCET Page 98



Examples: [5.14] =5, | 5] =2, =7.6] =-38,|6] = 6,| —3| =3
Example: Let f and g abe functions from the positive real numbers to positive

real numbers defined by f(x) = [2X], g(xX) = x2. Calculate fo gand g - f.
Solution: £ g(x) = f(g(x)) =f(x2)=|2x?]

g © f(x) = g(f(x))=g(|2x])=(|2x])?
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Recursive Function

Total function: Any function f : N — N is called total if it is defined for every
n-tuple in N, Example: f(x, y) = x +y, which is defined for all x, y € N and
hence it is a total function.

Partial function: Iff: D — Nwhere D € Nn, then f is called a

partial function. Example: g(x, y) =x — y, which is defined for only

X,y € N which satisfy x > y.

Hence g(x, y) is partial.
Initial functions:
The initial functions over the set of natural numbers is given by
e Zero function Z: Z(x) = 0, for all x.

e Successor function S; Ax+ 1, for all x.
. llgrgject?on functllon% ﬁ:(XL)Jﬂ& , X', .., X )=x forall ntuples (x ,x , ..., X ),

I 112 n i 12 n
1 <n.
Projection function is also called generalized identity

function. For example, Ul (x) = x for every x € N is the
identity function.1

U2 Y)=xu 269=2u°@2609356y°269-=09.
Composition of functions of more than one variable:
The operation of composition will be used to generate the other function.

Let f1(x, y), f2(x, y) and g(x, y) be any three functions. Then the composition of g
with f1 and 2 is defined as a function h(x, y) given by

h(x, y) = 9(f1(x, y), f2(x, y)).
In general, let f1, f2, ..., fn each be partial function of m variables and g be a partial
function of n
variables. Then the composition of g with f1, f2, ..., fn produces a partial function h given
by
h(x1, x2, ..., xm) = g(f1(x1, X2, ..., Xm), ..., fn(x1, X2, ...xm)).

Note: The function h is total iff f1, f2, ..., fn and g are
total.

Example: Let f1(x, y) =x +vy, f2(x, y) = xy + y2 and g(x, y) = xy. Then
h(x, y) = g(f1(x, y), f2(x2y))
=g(x+y,xy+ Y
=(x+y)xy+y?)

Recursion: The following operation which defines a function f(x1, x2, ..., xn,y) of n + 1
variables

by using other functions g(x1, X2, .., Xn) and h(x1, X2, ..., Xn, ¥, z) of nand n +

2 variables, respectively, is called recursion.

f(x1, x2, ..., xn, 0) = g(x1, X2, ..., Xn)
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f(x1, X2, ..., Xn, ¥ + 1) = h(x1, X2, ..., Xn, Y, f(x1, x2,
..., Xn, ¥)) where y is the inductive variable.
Primitive Recursive: A function f is said to be Primitive recursive iff it can be
obtained from the initial functions by a finite number of operations of composition
and recursion.

***Example: Show that the function f(x, y) = x + y is primitive recursive.
Hence compute the value of (2, 4).
Solution: Given that f(x, y) = x +.
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Here, f(x, y) is a function of two variables. If we want f to be defined by
recursion, we need a function g of single variable and a function h of
three variables. Now,

fx,y+1)=x+(y+1)

=(x+y)+1
=1f(x,y) + 1.
Also, f(x, 0) = x. 1
We define f(x, 0) f(x,0) =x=y ~ ()
as = S(f(x, y))

=S(U: (4, fx,Y)
If we take g(x) = U11(x) and h(x, y, z) = S(U3~(x, y, 2)), we get f(x, 0) = g(x) and f(x, y +
1) =
h%x, Y, 2).
Thus, f is obtained from the initial functions U11, U33, and S by applying
composition once and recursion once.
Hence f is primitive recursive.
Here,
f(2,0) =2
f(2, 4) = S(f(2, 3))
=S(8(f(2, 2)))
=S(5(5(f(2, 1))))
=S(S(S(5(f(2, 0)))))
=S(S(5(5(2)))))
=S(S(5(3)))
=S(5(4))
=S(5)
=6
Example: Show that f(x, y) = x *y is primitive recursion.

Solution: Given that f(x, y) = x xy.
Here, f(x, y) is a function of two variables. If we want f to be defined by
recursion, we need a function g of single variable and a function h of three
variables. Now, f(x, 0) =0 and
fx,y+1)=xx(y+1)=xxy

of +
We can 0 y) +

write
f(x, 0) =0 =Z(x) and 3
f(x, y +1) =f1(U3™(x, y, f(x, ¥)), UL™(X, ¥, (X, ¥)))
where f1(X, y) = x +y, which is primitive recursive. By taking g(x) = Z(x) =0 and h

defined by h(x, y, z) = f1(U3°(x, y, 2), U13(x, y, 2)) = f(x, y + 1), we see that f
defined by recursion. Since g and h are primitive recursive, f is primitive recursive.
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Example: Show that f(x, y) = xY is primitive recursive function. Solution: Note that

x0=1forx=/0andweputx0=0forx:0.

Also, xy+1 =xY % x

Here f(x, y) = xY is defined as
f(x, 0) =1 = S(0) = S(Z(x))
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f(x,y +1) =x+1f(x, y)
. U13(x, y, f(X, y)) * U33(x, y, f(x,¥))

hex, v, f(x, ) = FLULS(x, v, Tx ), USS(x, v, (x, y) where F1(x, y) = X
+y, which is primitive recursive.

=~ f(x, y) is a primitive recursive function.

Example: Consider the following recursive function definition: If x <y then f(x, y) =0, if

y=x

then f(x, y) = f(x — y, y) + 1. Find the value of f(4, 7), f(19, 6).
f(x,y) O;x<y

Solution: :{

Given f(x-yy)+1;ylx

f(4,7)=0 [~4<T]
f(19,6) =119 -6,6) +1
=1(13,6) +1
f(13,6) =f(13-6,6) +1
=f(7,6) +1
f(7,6)=1(7 —6,6) +1
=f(1,6) +1
=0+1
=1
f(13,6) =1(7,6) + 1
=1+1
=2
f(19,6)=2+1
=3
Example: Consider the following recursive function definition: If x <y then f(x, y) =0, if
y=x
then f(x, y) = f(x — y, y) + 1. Find the value of (86, 17)

Permutation Functions
Definition: A permutation is a one-one mapping of a non-empty set onto itself.

Let S ={a1, a2, ..., an} be a finite set and p is a permutation on S, we list the
elements of S and the corresponding functional values of p(a1), p(a2), ..., p(an)
in the following form:

L al a2 ... an [
p@) p@) ... p@)
1 2 n

If p: S — Sis a bijection, then the number of elements in the given set is called

the degree of its permutation. _
Note: For a set with three elements, we have 3! permutations.

Example: Let S = {1,.2, 3}. The permutations of S are as follows:
mplg {14, 3} The pprm 3 103 30
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D]'%D DlgD Dl%D

Pi=3 0 B= 0 B= 0 B= 2 4 ;B=3 1 200 ;Pe=01 [
3 134 2313-
[ [ 0O O 0O 0O N 0 0l3 2p
N [

Example: LetS={1,2,3,4}and p: S — S be given by f(1) =2, f(2) = 1, f(3) =4,
f(4) = 3. Write this in permutation notation.
Solution: The function can be written in permutation notation as given below:
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112 3 40
f=11 [

121 4 3]
Identity Permutation: If each element of a permutation be replaced by

itself, then such a permutation is called the identi%/ permutation.

Jaja2 ... an L S _
Example: Let S={a1, a2,,an}.thenl= . g [! isthe identity permutation on S.
U

a
019 n
Equality of Permutations: Two permutations f and g of degree n are said to be

equal if and only if f(a) = g(a) for all a € S.
Example: LetS={1, 2, 3,4}

112 3 400 1141 3 2[]
f=8/1 2 4l;0=403 2 10

] O O ]
We have f(1)=9(1) =3
f(2)=9(2)=1
f(3)=9(3) =2
f(4)=g(4)=4
ie. f(a) = g(a) for all a €S.
P fP ions: ition of P [
roduct of Permutations éoré:onwos@_pn % Srmﬁtatlons% h o
Let S={a,b,...h}and l¢{(a) ) . Uignga yb .. g(h)y
] 0 O ]
We deDﬂn%1 the com.;.)osnﬁ on f ﬁ%d g asbfoll_c?\_/vs:h .
b .
Jeg=f(a) o) . @ b . gy
0 el ]
1B .. h 0O
= ]
- f 'E o) f(a(h) o
] g
Clear(l%/(a})) IS a
f°g
permutation. o1 2 ﬁD 112 3 4]
Example: Let S={1, 2, 3, 4} and let f = D andg =[] " Find fegand g
N 4 3] 1412 3
_ _ 121
fin the permutDatj!og‘u f§om. 13 4r
- 2
Solution: fe g3 [H 4 10 geof=0 O
0 0l 4 2

Note: The product of two permutations of degree n need not be commutative.
Inverse of a Permutation:

MATHEMATICAL FOUNDATION OF COMPUTER SCIENCE - MRCET Page 106



lalja2 ... an [

If fis a permutation on S={a1, a2,,an}suchthatf p [
0 O b
b 112 n ]

then there exists a permutation called the inverse f, denoted f_1 such that 1~ f_1 =

f_l o f=
| (the identity permutation on S)
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010b1 by bn [

where U . N
; O ao an (]
0
al
Ef(ample: |fP:1 2 3:1 40 , and show that f = of=|
, then find — — -
02 f of 1 fi
4 3 10
1 0 44 3 10 2 3 40
Solution: f = 0= []
0 \1 2 3 4 )\P 1 3 2)
1 1 2 3 4\ (1 2 3 4\ (1 2 3 4)
fof =l 4 3 1@l 1 3 =0 2 3 o4&
[] 0 0l N
N
Similarly, f Lo f=1ofof L=fLop=1,

Cyclic Permutation: Let S = {a1, a2, ..., an} be a finite set of n symbols. A
permutation f defined on S is said to be cyclic permutation if f is defined such that

f(a1) = a2, f(a2) = a3, ...., f(an—1) = an and f(an) = a1.
Example: Let S={1, 2, 3, 4}.

1 2 3 47 , , _
Then 1 =(14)(2 3) is a cyclicpermutation.
R 4 3 10

Disjoint Cyclic Permutations: Let S ={a1, a2, ..., an}. If f and g are two cycles
on S such that they have no common elements, then f and g are said to be
disjoint cycles.

Example: LetS={1, 2, 3, 4, 5, 6}.
Iff=(145)and g =(236) then fand g are disjoint cyclic
permutations on S. Note: The product of two disjoint cycles is

commutative.

6 7
3 4 5 L

: 1
Fgample: Consider the permutation
- 4 5 1 7 60

w N

12
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The above permutation f can be written as f = (1 2 34 5)(6 7). Which is a product
of two disjoint cycles.

Transposition: A cyclic of length 2 is called a
transposition. Note: Every cyclic permutation is the

product of transpositions.

Example; 202 3 4 CH 12035 -049126S5).
-2 4 5 1 30

Inverse of a Cyclic Permutation: To find the inverse of any cyclic permutation,
we write its elements in the reverse order.
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For example, (12 3 4)_1 =(4321).
Even and Odd Permutations: A permutation f is said to be an even
permutation if f can be expressed as the product of even number of
transpositions.
A permutation f is said to be an odd permutation if f is expressed as the product of
odd number of transpositions.
Note:
(i) An identity permutation is considered as an even permutation.
(ii) A transposition is always odd.
@ The product of an even and an odd permutation is odd. Similarly the

product of an odd permutation and even permutations is odd.

Example: Determine whether the following permutations are even or odd permutations.

1 2 3 4 5[]
0 =0 N
12 4 3 1 50
1 2 3 4 5 6 8]
@ 9= [
2 5 7 8 6 1 4 3
2
2 3 4 5[]
0
(i h:E 3 1 2 50
- = 3 4 50
Solution: (i). For f = 0 =(124)=(14)12)
O 3 1 507

2

= f is an even permutation
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o1
i) Forg=® 2 % 4 5 8 7 8)
2 5 7 8 6 1 4 3

=(1256)(3748)=(16)(15)(12)(38)(34)(37)
= g is an even permutation.

gph=1 2 3 4 PH (1423 -a 30209
74 3 1 2 5

Product of three transpositions

= his an odd permutation.
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Lattices
In this section, we introduce lattices which have important applications in the
theory and design of computers.

Definition: A lattice is a partially ordered set (L, <) in which every pair of

elements a, b € L has a greatest lower bound and a least upper bound.
Example: Let Z" denote the set of all positive integers and let R denote the relation

‘division‘ in
Z+, such that for any two elements a, b € Z+, aRb, if a divides b. Then (Z+, R)
Is a lattice in which the join of a and b is the least common multiple of a and
b, i.e.

avb=a@ b=LCMofaandb,

and the meet of a and b, i.e. a = b is the greatest common divisor (GCD) of a and
bie.,

aAb=axb=GCDofaandb.

We can also write a+b = avb = a@b=LCM of aand b and a.b = aArb = a:b=GCD of a
and b.

Example: Let n be a positive integer and Sn be the set of all divisors of n If n = 30, S30
= {11 21

3,5, 6,10, 15, 30}. Let R denote the relation division as defined in Example 1.

Then (S30, R) is a Lattice see Fig:

6 10 15

Example: Let A be any set and P (A) be its power set. The poset P (A), ) is a lattice
in which the meet and join are the same as the operations N and U on sets
respectively.

S={a}, P (A)={4. {a}}

A={a}

S={a b}, P(A)={4, {a}, {a}, S}.
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{a, b}

{a} {b}
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Some Properties of Lattice
Let (L, <) be a lattice and *and & denote the two binary operation meet and join

on (L, <). Then for any a, b, ¢ € L, we have
(L1): asa=a, (L1)': ada=a (Idempotent laws)
(L2): bia = ba,(L2) :a ®b = b + a (Commutative laws)
(L3) : (atb)«c = ax(b:c), (L3)’ . (a®b)Pc =adP(b + c) (Associative laws)
(L4) :a((a+b) = a,(L4), : a@(a:b) = a (Absorption laws).
The above properties (L1) to (L4) can be proved easily by using definitions

of meet and join. We can apply the principle of duality and obtain (Ll)'to (L4) ’.
Theorem: Let (L, <) be a lattice in which = and @ denote the operations of

meet and join respectively. Foranya,eL,a<bs axb=asa@b=Dh.

Proof: We shall first prove thata <b < axb =Dh.
In order to do this, let us assume that a < 5. Also, we know that

a <a. Therefore a <a * b. From the definition of a x b, we have
axb<a.
Hencea<b=>axb=a.

Next, assume that a xb = a; but it is only possible if a <b, thatis,axb =
a=a <b. Combining these two results, we get the required
equivalence.

It is possible to show that a <b & a @ b = b in a similar manner.
Alternatively, from a b = a, we have
b (axb)=b@Pa=aPb
butb @ (a*b)=b
Hence a @ b = b follows froma «b = a.
By repeating similar steps, we can show that a * b = a follows from
a@b=Db. Thereforea<b<axb=ac<adb=h.

i *bhla*
Theorem: Let (L, <) be a lattice. Then b E c Ll Da*bha*c
jall bl all

Proof: By above theorema<b o axb=asadb=D.
To show that a * b <a * ¢, we shall show that (a*b) *(a*xc)=axb
(axb)x(axc)=ax(b*a)*c
=ax(axb)xc
=(@ax*a)*(b*c)
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=ax*(b=*c)
=axhb
~Ifb<cthenaxb<a=xc.Next letb<c=>b&éc=c.

To showthata @ b <a @ c. It sufficient to showthat (@@ b) P (aPc)=a P
C.
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Consider,(a @ b) P (abc)=adpbPa)Pc
—a@@dhb)dc
=@da)d(bdo)
—a@ b
—a®b

~Ifb<cthena@® b<a®Pc.

Note: The above properties of a Lattice are called properties of Isotonicity.
Lattice as an algebraic system:
We now define lattice as an algebraic system, so that we can apply
many concepts associated with algebraic systems to lattices.

Definition: A lattice is an algebraic system (L, *,@) with two binary operation
_x‘and _@° on L which are both commutative and associative and satisfy

absorption laws.
Bounded Lattice:
A bounded lattice is an algebraic structure (L,J ,[1,0,1) sucha that (L) ,[] ) is a

lattice, and the constants 0,1€ L satisfy the following:
1 forall x€ L, Xx[J 1=x andx[] 1=1

2 forall xe L, x[J 0=0 andx[] 0=x.

The element 1 is called the upper bound, or top of L and the element 0 is called the
lower bound or bottom of L.
Distributive lattice:

A lattice (L,v,A) is distributive if the following additional identity holds for all x,

y,andzinL: XA (yVvz)=(XAY)V (XAZ)

Viewing lattices as partially ordered sets, this says that the meet peration preserves
nonempty

finite joins. It is a basic fact of lattice theory that the above condition is equivalent to its
dual

XVYAZ)=(xXVY)A(xVvz)forallx,y,and zin L.
Example: Show that the following simple but significant lattices are not distributive.

a) 1 b) 1

b

0 0]
Solution a) To see that the diamond lattice is not distributive, use the middle
elements of the lattice:aA(bvc)=aAl=abut(anb)v(@aac)=0v
0=0, and a #0.
Similarly, the other distributive law fails for these three elements.
b) The pentagon lattice is also not distributive
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Example: Show that lattice is not a distributive lattice.

p
O

; O <|>m

On
o—

Sol. A lattice is distributive if all of its elements follow distributive property so let we

verify the distributive property between the elements n, | and m.
GLB(n, LUB(I, m)) = GLB(n, p) [~ LUB(Il, m) = p]

=n (LHS

also LUB(GLB(n,T),(GLB(n, m)z = I_SUB(o, n); [~ GLB(n, l) =0 and GLB(n, m) =n]

=n(RH
so LHS = RHS.
But GLB(m, LUB(I, n)) = GLB(m, p) [-- LUB(I, n) = p]
=m (LHS)

also LUB(GLB(m, I), GLB(m, n)()R:HI§UB(o, n); [~ GLB(m, I) =0 and GLB(m, n) = n]

=n

Thus, LHS # RHS hence distributive property doesn‘t hold by the lattice so

lattice is not distributive.

Example: Consider the poset (X, <) where X = {1, 2, 3, 5, 30} and the partial ordered
relation <

Is defined as i.e. if x and y €X then x <y means _x divides y‘. Then show that

poset (I+, <) 1s a lattice.

Sol. Since GLB(x,y) =x Ay = lcm(x, y)

and LUB(x, y) =x VvV y =gcd(x, y)

Now we can construct the operation table | and table Il for GLB and LUB

Table I Table II
LUB 1 2 3 5 | 30 GLB 1 2 3 5| 30
1 1 2 3 2 30 1 1 1 1 1 1
2 2 2 30 30 30 2 1 2 1 1 2
3 3 30 3 30 30 3 1 1 3 1 3
5 51 30 30 5 30 5 1 1 1 5 51
30 30 30 30 30 30 30 1 2 3 o 30

30
3f<,:>")3

1
respectively and the Hasse diagram is shown in Fig.
Test for distributive lattice, i.e.,

GLB(x, LUB(y, z)) = LUB(GLB(x, y), GLB(x, 2))
Assume x =2,y =3 and z =5, then

RHS:GLB(2, LUB(3, 5)) = GLB(2, 30) =2

LHS: LUB(GLB(2, 3), GLB(2,5)) = LUB(1,1) =1
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SinceRHS # LHS, hence lattice is not a distributive lattice.
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Complemented lattice:
A complemented lattice is a bounded lattice (with least element O and greatest
element 1), in which every element a has a complement, i.e. an element b

satisfyinga vb =1and a Ab =0. Complements need not be unique.
Example: Lattices shown in Fig (a), (b) and (c) are complemented lattices.

u-f_‘:/c\@*’ / \.\;»s; ur:*/ \\
N S N\

I

L ot

0 0
() (b) ()

Sol.

For the lattice (a) GLB(a, b) =0 and LUB(X, y) = 1. So, the complement a is b
and vise versa. Hence, a complement lattice.

For the lattice (b) GLB(a, b) =0 and GLB(c, b) =0 and LUB(a, b) = 1 and
LUB(c, b) = 1; so both a and ¢ are complement of b.
Hence, a complement lattice.

In the lattice (c¢) GLB(a, ¢c) =0 and LUB(a, ¢) =1; GLB(a, b) =0 and

LUB(a, b) = 1. So, complement of a are b and c.

Similarly complement of ¢ are a and b also a and c are

complement of b. Hence lattice is a complement lattice.

Previous Questions

1. a) Let R be the Relation R= {(x,y)/ x divides y )} . Draw the Hasse diagram?
b) Explain in brief about lattice?
c¢) Define Relation? List out the Operations on Relations

2. Define Relation? List out the Properties of Binary operations?

3. Let the Relation R be R={(1,2) ,(2,3),(3,3)} on the set A= {1,2,3}. What is
the Transitive Closure of R?

4. Explain in brief about Inversive and Recursive functions with examples?

5. Prove that (S, <) is a Lattice, where S= {1,2,5,10} and < s for divisibility.
Prove that it is also a Distributive Lattice?

6. Prove that (S,<) is a Lattice, where S= {1,2,3,6} and < is for divisibility. Prove
that it is also a Distributive Lattice?

7. Let A be a given finite set and P(A) its power set. Let [] be the inclusion
relation on the elements of P(A). Draw Hasse diagrams of (P(A), [1 ) for
A={a}; A={a,b}; A={a,b,c} and A={a,b.c.d}.

8. Let Fx be the set of all one-to-one onto mappings from X onto X, where
X={1,2,3}. Find all the elements of Fx and find the inverse of each element.

9. Show that the function f(x) = x+y is primitive recursive.

10. Let X={2,3,6,12,24,36) and a relation < be such that x< if x divides Y.
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Draw the Hasse diagram of (x,<).
11.1f A={1,2,3,4} and P={{1,2},{3},{4}} is a partition of A, find the equivalence relation
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=

determined by P.
12. Let X={1,2,3} and f, g, h and s be functions from X to X given by f={<1,2>,
<2,3>,<3,1>} g={<1,2>, <2,1>, <3,3>}h={<1,1>, <2,2>, <3,1>} and
s={<1,1>, <2,2>, <3,3>}. Find fog, fohog, gos, fos.
13. Let X={1,2,3,4} and R={<1,1>, <1,4>, <4,1>, <4,4>, <2,2>, <2,3>, <3,2>, <3,3>}.
Write the
matrix of R and sketch its graph.
14.Let X = {a,b,c,d,e} and let C = {{a,b},{c},{d,e}}. Show that the partition
C defines an equivalence relation on X.

15. Showg that the function f(x)= Y‘s’QSQnX is primitive recursive.

F (x [ 1)/ 2;when x is odd

16. If A={1,2,3,4} and R,S are relations on A defined by R={(1,2),(1,3),(2,4),(4,4)}
S={(1,1),(1,2),(1,3),(1,4),(2,3),(2,4)} find R 0 S, S0 R, R?, S?, write down there
matrices.

17.Determine the number of positive integers n where 1<n<2000 and n is not
divisible by2,3 or 5 but is divisible by 7.

18.Determine the number of positive integers n where 1<n<100 and n is not divisible
by2,3 or 5.

19.Which elements of the poset /({2,4,5,10,12,20,25},/) are maximal and which are
minimal?

20. Let X={(1,2,3} and f,g,h and s be functions from X to X given by

={(1,2),(2,3),3.1)}, 9={(1,2),(2,1),(3,3)}, h={(1.,1),(2,2),(3,1) and

s={(1.1),(2,2),(3,3)}-

Multiple choice questions

1. A__is an ordered collection of objects.
a)Relation Db) Function c) Set d)
Proposition Answer: c

2. The set O of odd positive integers less than 10 can be expressed by .
a){1,2,3} b){1,3,57,9} c){1,2,59}d){1,5,7,9,
11} Answer: b

3. Power set of empty set has exactly subset.
a)One b) Two c) Zero d)
Three Answer: a

4. What is the Cartesian product of A = {1, 2} and B = {a, b}?
a) {(1, ), (1,b), (2,a), (b, b)} b){(1,1),(2 2),(a a) (b, b)}
c){(1,a), (2,a), (1,b), (2,b)} d){(1,1), (a a),(2 a),(1b)}

Answer: ¢

5. The Cartesian Product B x A is equal to the Cartesian product A x B. Is it True or
False?
a)True b)

False Answer: b
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6. What is the cardinality of the set of odd positive integers
less than 10?7 a) 10 b) 5 ¢) 3 d) 20
Answer: b
7. Which of the following two sets are equal?
a) A={1,2}and B={1} by A={1,2}and B={1, 2, 3}
c)A={1,2,3YandB={2,1,3}y d)A={1,2,4}andB={1, 2, 3}
Answer: ¢
8. The set of positive integers is :
a)Infinite  b) Finite  ¢) Subset  d)
Empty Answer: a
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9. What is the Cardinality of the Power set of the set {0, 1, 2}.
a8 Db)6 c)7 d)9
Answer: a
10. The members of the set S = {x | x is the square of an integer and x < 100} is-----
a) {0, 2, 4,5, 9, 58, 49, 56, 99, 12} b) {0, 1, 4, 9, 16, 25, 36, 49, 64, 81}
c) {1, 4,9, 16, 25, 36, 64, 81, 85, 99} d) {0, 1, 4,9, 16, 25, 36, 49, 64, 121}
Answer: b
11. Let R be the relation on the set of people consisting of (a,b) where aa is the parent of b. Let S
be the relation on the set of people consisting of (a,b) where a and b are siblings. What are Se R
and Ro S?
A) (a,b) where a is a parent of b and b has a sibling; (a,b) where a is the aunt or uncle of b.
B) (a,b) where a is the parent of b and a has a sibling; (a,b) where a is the aunt or uncle of b.
C) (a,b) where a is the sibling of b's parents; (a,b) where aa is b's niece or nephew.
D) (a,b) where a is the parent of b; (a,b) where a is the aunt or uncle of b.
12. Onthe set of all integers, let (x,y)€ R(X,y)€ R iff xy>1xy>1. Is relation R reflexive,
symmetric, antisymmetric, transitive?
A) Yes, No, No, Yes B) No, Yes, No, Yes
C) No, No, No, Yes D) No, Yes, Yes, Yes E) No, No, Yes, No

13. Let R be a non-empty relation on a collection of sets defined by ARB if and only if AN B
= @Then (pick the TRUE statement)

C.Ris an equivalence relation D.R is not relexive and not symmetric
AR is relexive and transitive  B.R is symmetric and not transitive
Option: B

14.Consider the divides relation, m | n, on theset A= {2, 3,4, 5,6, 7, 8, 9, 10}.
The cardinality of the covering relation for this partial order relation (i.e., the
number of edges in the Hasse diagram) is

(@4 (b)6 (c)5 (d)8 (e)7
Ans:e

15.Consider the divides relation, m | n, on theset A= {2, 3,4, 5,6, 7, 8, 9, 10}.
Which of the following permutations of A is not a topological sort of this
partial order relation?

(@) 7,2,3,6,9,5,4,10,8 (b) 2,3,7,6,9,5,4,10,8
(c) 2,6,3,9,5,7,4,10,8 (d) 3,7,2,9,5,4,10,8,6
(e) 3,2,6,9,5,7,4,10,8

Ans:c

16. LetA={2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16} and consider the divides

relation
on A. Let C denote the length of the maximal chain, M the number of maximal
elements, and m the number of minimal elements. Which is true?

@C=3,M=8,m=6 (bh)C=4M=38,
m=6(c)C=3,M=6,m=6 (d) C=4,
M=6,m=4()C=3,M=6,m=4
Ans:a
17. What is the smallest N > 0 such that any set of N nonnegative integers
must have two distinct integers whose sum or difference is divisible by

10007
g) 502 (b)520  (c)5002  (d)5020  (e) 52002
ns:a
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18.Let R and S be binary relations on a set A. Suppose that R is reflexive,
symmetric, and transitive and that S is symmetric, and transitive but is not

reflexive. Which statement is always true for any such R and S?
@ R U S is symmetric but not reflexive and not transitive.
(b) R U S is symmetric but not reflexive.

(c) R U Sis transitive and symmetric but not reflexive
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(d) R U S is reflexive and symmetric. (e) R U S is symmetric
but not transitive. Ans:d
19.Let R be a relation on a set A. Is the transitive closure of R always equal to
the transitive closure of R?? Prove or disprove.
Solution: Suppose A={1, 2,3} and R={(1, 2),(2, 3)}. Then R2 = {(1, 3)}.
Transitive closure of R is R+ ={(1, 2),(2,
3),(1, 3)}. Transitive closure of R? is {(1,
3)}
They are not always equal.
20.Suppose R1 and R2 are transitive relations on a set A. Is the relation R1 U
R2 necessariya transitive relation? Justify your answer.
Solution: No. {(1, 2)} and {(2, 3)} are each transitive relations, but their union
{(1, 2),(2, 3)} is not transitive.
21.Let D3y ={1, 2, 3,4, 5, 6, 10, 15, 30} and relation | be partial ordering on Da,.
The all lower bounds of 10 and 15 respectively are
A.1,3 B.1,5 C.1,35 D.None of these Option: B
22. Hasse diagrams are drawn for
A.partially ordered sets B.lattices C.boolean Algebra D.none of
these Option: D
23.A self-complemented, distributive lattice is called
A.Boolean algebra B.Modular lattice C.Complete lattice D.Self dual
lattice Option: A
24.Let D30 ={1, 2, 3, 5, 6, 10, 15, 30} and relation | be a partial ordering on
D30. The lub of 10 and 15 respectively is
A.30 B.15 C.10 D.6 Option: A
25: Let X = {2, 3, 6, 12, 24}, and < be the partial order defined by X <Y if X
divides Y. Number of edges in the Hasse diagram of (X, <) is
A3 B4 C.S5 D.Noneof
these Option: B
26. Principle of duality is defined as
A.<isreplaced by>  B.LUB becomes GLB
c.all properties are unaltered when < is replaced by >
D.all properties are unaltered when < is replaced by > other than 0 and
1 element. Option: D
27. Different partially ordered sets may be represented by the same Hasse
diagram if they are A.same B.lattices with same order
C.isomorphic D.order-isomorphic Option: D
28. The absorption law is defined as
Aa *(a*b)=bBa*(a@b)=bCa*(a*b)=adbDa*(add
b) =a Option: D
29. A partial order is deined on the set S = {X, ai, &, as,...... &, Y} as x <a i for all i and g
<y for all 1, where n > 1. Number of total orders on the set S which
contain partial order <1is
Al Bn Chn+2 D.n! Option: D
30. Let L be aset with a relation R which is transitive, antisymmetric and
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reflexive and for any two elements a, b € L. Let least upper bound lub (a,
b) and the greatest lower bound glb (a, b) exist. Which of the following
is/are TRUE ?
Is a Poset B.L is aboolean algebra C.L is a lattice D.none of
these Option: C
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ALGEBRAIC STRUCTURES

Algebraic Systems with One Binary

Operation Binary Operation
Let S be a non-empty set. If f: S x §— Sis a mapping, then fis
called a binary operation or binary composition in S.

The symbols +, -, +, @ etc are used to denote binary operations on a set.
Fora,beS=a+beS=+isabinary operation in S.
Fora,beS=a-beS=-isabinary operation inS.
Fora,beS=a-beS=-isabinaryoperationinS.

e Fora,beS=axbeS==xisabinaryoperationins§.

e This is said to be the closure property of the binary operation and the set S
Is said to be closed with respect to the binary operation.
Properties of Binary Operations

Commutative: *is a binary operationinasetS. Iffora,b €S,a*b=Db xa, then xis
said to be commutative in S. This is called commutative law.
Associative: « is a binary operation in a set S. If for a, b, c € S, (a:b):«c = a*(b:c), then
+1s said to be associative in S. This is called associative law.
Distributive: o, x are binary operationsin S. If fora, b, c €S, (i)a° (bxc)=(a°b) *(a °
c), (ii)
(b«c)ea=(be°a):+(cea), then-issaid to be distributive w.r.t the
operation «. Example: N is the set of natural numbers.
(i) +,-arebinaryoperationsinN,sincefora,beN,a+beNanda-
b €N. In other words N is said to be closed w.r.t the operations +
and -.
(i)  +, - are commutative in N, since fora,beN,a+b=b+aanda-b=b-a.

(ili)  +, - are associative in N, since for a, b, ¢ €N,
a+t(b+c)=(@+b)+canda-(b-c)=(a-b)-c.

(iv) is distributive w.r.t the operation + in N, since fora, b,c €N, a - (b + ¢)
za-b+a-cand(b+c)-a=b-a+c-a

(v) The operations subtraction (—) and division (<) are not binary operations in N,
since

for 3,5 €N does notimply3—-5€eNand

§5 €N. Example: A is the set of even

integers.
(i) +, - are binary operations in A, since fora,be Aja+beAanda:-b €A,
(i) +, - are commutative in A, since fora,be A,a+b=b+aanda-b=b-a.
(if) +, - are associative in A, since for a, b, ¢ € A,
at(b+c)=(@+b)+canda - (b-c)=(a-b):c.
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(iv) - is distributive w.r.t the operation + in A, since for a, b, c €A, a -
(b+c)=a-b+a-cand(b+c)-a=b-a+c-a.
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Example: Let S be a non-empty set and - be an operation on S defined bya-b =
a for a, b € S. Determine whether - is commutative and associative in S.

Solution: Sincea°b=afora,beSandb-a=Dbfora bes.
=>a°b=b-°a.
=~ IS not commutative in S.
Since(acb)ec=a°c=a
a°(bec)=a-b=afora,b,ces.
=~ o s associative in S.

Example: ° is operation defined on Zsuchthata~b=a+b —abfora,b € Z. Is the
operation ° a binary operation in Z? If so, is it associative and
commutative in Z?

Solution: Ifa,be Z,wehavea+beZ,abeZanda+ b —ab € Z.
>acb=a+b—ab€eL
=~ ° IS a binary operation in Z.
=>a°b=b-a.

~ o IS commutative in Z.

No

W (@aeb)ec=(ae°b)+c—(a°b)
=at+b—ab+c—(a+b—ab)c
=a+b—ab+c—ac— bc+abc

and ac(bec)=a+(bec)—albec)

=at+b+c—bc—alb+c— bc)
=a+b+c—bc—ab—ac+abc
=a+b—ab+c—ac— bc+abc
= (acb)ec=a>(boc).
> is associative in Z. .,
Example: Fill in blanks in the following composition table so that - is associative in S =
{a,b,c,d}.

olalb|c|d
alal|b|c|d
blbjafc|d
clcld|c|d
d

Solution: dea=(cob)ea[+c°b=d]

=c o (bea) [ °isassociative]
=C (o) b
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=d
deb=(cob)eb=co(bob)=c-
a=c.dec=(ceob)ec=ce(b°c)

=ce°c=C.
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ded=(c°b)°(ce
b)

=co(boc)ob

=coc°b

=c o (c° b)

=ce°d

=d

Hence, the required composition table is

[e]

olo|o|lo
olo|lo|o |
O |lalo |To|oc
e EeE E*NEY I
olala|lala

Example: Let P (S) be the power set of a non-empty set S. Let N be an operation
in P (S). Prove that associative law and commutative law are true for the
operation in P (S).

Solution: P(S)= Set of all possible
subsets of S. Let A,B € P(S).
SinceASCS,BSS=ANBCSS=>ANBEP(S).
~ N is a binary operation in P (S).
AlsoANB=BNA

~ N Is commutative in P (S).
AgainANB,BNC,(ANB)NCand 4 N (BN C) are subsets of S.

~(ANBNCANBNC)EP(S).
Since(ANB)YNC=4N(BNC)
~ N is associative in P (S).
Algebraic Structures
Definition: A non-empty set G equipped with one or more binary operations is called an
algebraic structure or an algebraic system.
If - is a binary operation on G, then the algebraic structure is
written as (G, °). Example: (N, +), (O, ), (R, +) are algebraic
structures.
Semi Group
Definition: An algebraic structure (S, °) is called a semi group if the binary
oper-ation e is associative in S.
That is, (S, °) is said to be a semi group if

) a,beES=a-beSforalla,beSsS
i (@°b)ec=ac(bec)foralla,b,
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c € S. Example:
1. (N, +)isasemigroup. Fora,beN=a+beNanda,b,ceN=>(a+b)+c

=a+ (b +c¢). 2. (Q, —) is not a semi group. For 5,3/2, 1 € Q does not imply (5 —
3/2)—-1=5—3/2-1).

3.(R,+)isasemigroup. Fora,beR=>a+beRanda,b,ceR=>(a+h)+c=at(b+

C).
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Example: The operation - is defined by a- b =aforall a, b €S. Show that (S, °) is
a semi group. Solution: Leta,beS=a-b=a€Ss.

~ o isabinary operationinS. Leta,b,c€S,a°(bec)=a°b=a
(@aeb)cc=a-c=a.

= o IS associative in S.

=~ (S, °) is a semi group.

Example: The operation ¢ is defined bya-b=a+b — ab for all a, b € Z. Show
that (Z, °) is a semi group.

Solution: Leta,beZ=a°b=a+b—ab €L

~ IS a binary operation in

Z. Leta,b,ceZ
(aeb)oc =(a+b—ab)°cC
=a+b—ab+c—(a+b—ab)c
=a+b+c—ab—bc—ac+abc
a°(beoc) =a°(b+c—bc)
abc=(acb)ec=a-(b =a+((b+c—5bc)—alb+c— be)
°(C). =at+b+c—bc—ab—ac+

= o is associative in Z. . (Z, °) is semi group.

Example: (P (S), N) is a semi group, where P (S) is the power set of a
non-empty set S. Solution: P (S)= Set of all possible subsets of S.

Let A, B€EP (S).

SinceASCS,BES=>4NBCSS=>4NBeP(S).

~ N is a binary operation in P (S). Let A, B, C €P (S).

~(ANB)NC ANBNC)eP(S).Since(4NB)NC

=4AN(BNCI)

~ N is associative in P (S).

Hence (P (S), N) is a semi

group.

Example: (P (S), V) is a semi group, where P (S) is the power set of a non-
empty set S. Solution: P (S)= Set of all possible subsets of S.

Let A, B € P (S).

SinceASCS,BSS=AUBCSS=>AUBEP(S).

~ U isabinary operation in P (S). Let A, B, C € P (S).
~(AUB)UC,AUBUC)€eP(S).Since(AuB)uC=Au(BuUC)
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~ U Is associative in P (S).
Hence (P (S), U) is a semi

group.
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Example: Q is the set of rational numbers, ° is a binary operation defined on Q such that
a°b=a

—b+abfora,be Q. Then (Q, °) is not a semi group.

Solution: For a, b, c € Q,

(aeb)ec=(a°b)—c+(a°b)c
=a—b+ab—c+(a—b+ab)c
=a—b+ab—c+ac— bc

tabcac(bec)=a—(bec)+ta(bec)

=a — (b — c+bc) +a(b — chc)
=a—b+c— bc+ab— ac+abc.
Therefore, (@ °b) o ca-° (b-°c).

Example: Let (A, ¢) be a semi group. Show that fora, b,cinAifasc=c+aandb
tc=c+b,then(@a*b)*c=c=*(axbh).
Solution: Given (A, 1) be a semi group,asc=c:aandb+c
= c+b. Consider
(@xb)xc=ax*(b*c) [~ Aisseme group]
=ax(Cxb)[vbxc=cxDb]
=(a*c)*b [~ Aisseme group]
=(cxa)*b[vaxc=c=xa]
=c * (@ *b) [+ Ais seme group].
Homomorphism of Semi-Groups

Definition: Let (S, ) and (T, °) be any two semi-groups. A mapping f : § — T such that for
any

two elements a, b € S, f(a * b) = f(a) ° f{b) is called a semi-group homomorphism.
Definition: A homomorphism of a semi-group into itself is called a semi-group en-

domorphism. Example: Let (S1, «1), (S2, +2) and (S3, *3) be semigroups and f : S1
— S§2 and g : S2 — §3 be homomorphisms. Prove that the mapping of g ° /: S1
— S3is a semigroup homomorphism.
Solution: Given that (S1, #1), (S2, «2) and (S3, *3) are three semigroups
andf:S1 — S2 and g : S2 — S3 be homomorphisms.
Let a, b be two elements of S1.
(g f)(a+1b) =glf(a1 b)]
= g[f(a) «2 f(b)] (- f is a homomorphism)
= g(f(a)) +3 g(f(b)) (~* g Is a homomorphism)
=(g > N(@) 3 (g~ f)(b)

= g ° fis a homomorphism.
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Identity Element: Let S be a non-empty set and - be a binary operation on S. If
there exists an elemente € Ssuchthatace=e-a=a, fora €S, then e is called
an identity element of S.
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Exampl _ o
e: (i) In the algebraic system (Z, +), the number 0 is an identity element.

(ii) In the algebraic system (R, ), the number 1 is an identity element.
Note: The identity element of an algebraic system is unique.

Monoid
Definition: A semi group (S, °) with an identity element with respect to the
binary operation ° is known as a monoid. i.e., (S, °) is a monoid if S is a non-
empty set and ° is a binary operation in S such that © is associative and there
exists an identity element w.r.t -.
Example:

1. (Z, +) is a monoid and the identity is 0.

2. (Z, *) is amonid and the identity is 1.

Monoid Homomorphism
Definition: Let (M, ) and (T, °) be any two monoids, em and et denote the
identity elements of (M, #) and (T, °) respectively. A mapping f : M — T such
that for any two elements a, b € M,

f(a * b) =f(a) - f(b) and
 fem)=et |
is called a monoid homomorphism.

Monoid homomorphism presents the associativity and identity. It also preserves

commutative. If a € M is invertible and a_1 € M is the inverse of a in M, then

f(a~ 1) is the inverse of f(a), i.e., f(a 1) = [f(a)] <.

Sub Semi group
Let (S, +) be a semi group and T be a subset of S. Then (T, #) is called a sub semi
group of (S,

+) whenever T is closed under « i.e.,a+b €T, foralla,beT.

Sub Monoid

Let (S,¢) be a monoid with e is the identity element and T be a non-empty subset
of S. Then

(T, ») is the sub monoid of (S, +) ifeeTanda+b €T, whenever a, b e T. Example:

1. Under the usual addition, the semi group formed by positive integers is a sub
semi group of all integers.
2. Under the usual addition, the set of all rational numbers forms a monoid. We
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denote it (Q,

+). The monoid (Z, +) is a submonid of (Q, +).

3. Under the usual multiplication, the set E of all even integers forms a semi group.
This semi group is sub semi group of (Z, -). But it is not a submonoid of (Z, ),
because 1=/E.

Example: Show that the intersection of two submonoids of a monoid is a
monoid. Solution: Let S be a monoid with e as the identity, and S1 and S2 be

two submonoids of S. Since S1 and S2 are submonoids, these are monoids.
Therefore e € S1 and e € S2.
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Since S1 NS2 is a subset of S, the associative law holds in S1 N.S2, because it holds
in S. Accordingly S1 N §2 forms a monoid with e as the identity.

Invertible Element: Let (S,°) be an algebraic structure with the identity element e
inSw.r.t

. Anelement a € S is said to be invertible if there exists an element xe S such

thataeXx=x°a=e.

Note: The inverse of an invertible element is unique.

From the composition table, one can conclude

1. Closure Property: If all entries in the table are elements of S, then S closed under

2. Commutative Law: If every row of the table coincides with the

corresponding column, then - is commutative on S.

3. Identity Element: If the row headed by an element a of S coincides with the top
row, then a

is called the identity element.

4. Invertible Element: If the identity element e is placed in the table at the

intersection of the row headed by 'a’ and the column headed by 'b ', then b_1

aanda L=b. 5
Example: A={1, o, "}

1| o w2

1{ 1| o | 2
olo |91
l2|l| o

From the table we conclude that
1. Closure Property: Since all entries in the table are elements of A. So,
closure property is satisfied.

2. Commutative Law: Since 1St, 2nd rd
3"%olumns

respectively. So multiplication is commutative on A.

3. Identity Element: Since row headed by 1 is same as the initial row, so 1
Is the identity element.

4. Inverses: Clearly 17 1-1,01202 (wz)_l

and 3"~ rows coincides with 1St, 2nd and

Groups
Definition: If G is a non-empty set and ° is a binary operation defined on G
such that the following three laws are satisfied then (G, °) is a group.

Associative Law: Fora,b,ceG, (a°b)>c=a-(b°c)
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Identity Law: There exists e e Gsuchthatace=a=e-aforeveryaegG,e
Is called an identity element in G.
Inverse Law: For each a € G, there exists an element b € G such that a°b = bea =

e, biscalled an inverse of a.
Example: The set Z of integers is a group w.r.t. usual addition.

¢ Fora,beZ=a+bez
@ Forab,ceZ (a+tb)+c=a+(b+c)
@@ O€eZsuchthatO+a=a+0=aforeachaeG
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=~ 0 1s the identity element in Z.
@ Forae€Z, thereexists —a € Zsuchthata + (—a) = (—a) +a=0.
~ —a istheinverse of a. (Z, +) isa

group.
Example: Give an example of a monoid which is not a group.
Solution: The set N of natural numbers w.r.t usual multiplication is

not a group. (i). Fora,b e N=a - b.

@ Fora,b,ceN,(a-b).-c=a-(b-c).

@@ l1leNsuchthatl-a=a-1=a,foralla€eN.
~ (N, -) is a monoid.

@ ThereisnoneNsuchthata-n=n-a=1fora€eN.
~ Inverse law is not true.

=~ The algebraic structure (N, -) is not a group.
Example: (R, +) is a group, where R denote the set of real numbers.

Abelian Group (or Commutative Group): Let (G, ¢) be a group. If «is com-mutative
that is

arb=Db+aforalla, beGthen (G, ) is called an Abelian

group. Example: (Z, +) is an Abelian group.

Examplf: Prove that G = {1, o, "} is a group with respect to multiplication where
1w w

are cube roots of unity.

Solution: We construct the composition table as follows:

2

1 ® w

2

1 1 w

2 3_

[0) w w =

2 2 3 _ 4 _
olo|lowo=1lv =w

The algebraic system is (G, -) where a)3 = 1 and multiplication - is the binary
opera-tion on G. From the composition table; it is clear that (G, -) is closed with
respect to the oper-ation multiplication and the operation - is associative.
1 is the identity element in Gsuchthatl1-a=a=a- 1, vV aegG.
Each element of G is invertible

1. 1-1=1=1isitsown inverse.

2 - 032 = 033 =1= 032 Is the inverse of ® and o is the inverse of (DZ in
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G.
~ (G, )isagroupanda-b=Db-a, Va, b € G, that is commutative law holds in
G with respect to multiplication.
~ (G, *) is an abelian group.
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Example: Show thatthe set G ={1, —1, i, —i} 11 is an abelian group with

where i = Jrespect
to multiplication as a binary operation. Solution: Let us construct the composition
table:

1|11 |[—i
111 |11 |—i
o I I I R Bt A I
1
I | —i|(-1] 1
—i| =i i 1] -1

From the above composition, it is clear that the algebraic structure (G, -)
is closed and satisfies the following axioms:

Associativity: For any three elements a, b,c€G, (a-b) - c=

a-(b-c).Since
1-(-1-D)=1--i=-i
1--1-i=-1-i=—i

=>1-(-1-)=(1--1)-i
Similarly with any other three elements of G the properties holds.
~ Associative law holds in (G, ).

Existence of identity: 1 is the identity element in (G, -)suchthat1-a=a=a

-1,Va€eG. Existence of inverse: 1-1=1=1-1= 1isinverse of1.
(-1 (-1)=1=(-1) - (-1) > —1listhe inverse of (—1)
i-(-i)=1=—i-i= —iistheinverse of i in G.
—i-i=1=i-(—i)>iistheinverse of

—i in G. Hence inverse of every element in G

exists.
Thus all the axioms of a group are satisfied.

Commutativity:a-b=b-a, va,b € G hold in G.
1-1=1=1"-1; -1-1=-1=1--1
i-1=i=1-1;i-—i=—i-i=1etc.
Commutative law is
satisfied. Hence (G, -) is an
abelian group.

Example: Prove that the set Z of all integers with binary operation * defined by a *
b=a+h
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+ 1,V a, b eZisan abelian group. Solution:
Closure: Leta,be Z.Sincea+beZanda+b+1€Z
~Z is closed under

+. Associativity: Leta, b,

CeZ
Consider (a*b)*xc=(@+b+1)*c
—atb+1l+c+1
=a+b+c+2
also
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arx(bxc)=ax(b+c+1)
zatb+c+1+1

—at+tb+c+2
Hence (axb)xc=ax(b*c)fora,b,ce

Z
Existence of Identity: Leta€eZ. LeteeZsuchthatexa=ax*e=a,l.e,ate+1
=a
>e=-1
e = —1 is the identity element in Z.
Existence of Inverse: Leta€Z. Letb e Zsuchthata «b =e.
a+b+1=
-1b=-2-a
~ For every a € Z, there exits —2—a € Z such that ax(—2—a) = (—2—a)a = —1.
~(Z,+) is an abelian group.
Example: Show that the set Q+ of all positive rational numbers forms an abelian
group under the composition defined by ° such that a - b = ab/3 for a, b € Q+.
Solution: Q+ of the set of all positive rational numbers and for a, b € Q+, we
have the operation ¢ such that a - b = ab/3.

Associativity: a,b,c€ Q+=(a°b)ec=ac-(bec).
Since abe Q+ and ab/3e Q+.
Associativity: a,b,ce Q+=>(@c°b)oc=ac (bec).
Since (a°b)oc=(abl/3)-c=[ab/3 .c]/3=al3(bc/3)=al3(b-c)

=a - (b - c). Existence of ldentity: Let a € Q+. Let e € Q+ such that

e°a=a.

le,ea/3=a
=>ea—3a=0=>(—3)a=0
=e—3=0 (+ a =0)
=>e=3

~ e = 3 is the identity element in Q+.
Existence of Inverse: Leta € Q+. Letb € Q+ such thata - b =e.
=ab/3 =3
b=09/a (~a=0)
=~ For every a € Q+, there exists 9/a € Q+ suchthata - 9/a=9/a°a = 3.
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Commutativity: Leta,be Q+ > acb=b-a.
Since a ° b = ab/3=ba/3 =
b e a. (Q+, °) is an abelian

group.

Exercises: 1. Prove that the set G of rational numbers other than 1 with operation
@ such that

a@b=a+b—abfora, b eG isabelian group.
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2. Consider the algebraic system (G, ), where G is the set of all non-zero real
numbers and

Is a binary operation defined by: a 3 = ab , Va, b € G. Show that (G, ¢) is an

Addition modulo m

We shall now define a composite known as -addition modulo ml where m is fixed
integer.
If a and b are any two integers, and r is the least non-negative reminder
obtained by dividing the ordinary sum of a and b by m, then the addition
modulo m of a and b is r symbolically

a+tmb=r, 0<r<m.
Example: 20 +6 5 =1, since 20 + 5 =25 = 4(6) + 1, i.e., 1 is the remainder when
20+5is
divisible by 6.
Example: =15 +53 =3, since —15+ 3 =-12=3(-5) + 3.
Multiplication modulo p
If a and b are any two integers, and r is the least non-negative reminder
obtained by dividing the ordinary product of a and b by p, then the
Multiplication modulo p of a and b is r symbolically

axpb=r, 0<r<p.

Example: Show that the set G = {0, 1, 2, 3, 4} is an abelian group with
respect to addition modulo 5.
Solution: We form the composition table as follows:

+ 1012 3 4
5

0|0 1234
112340
21234091
3|3 4012
440123

Since all the entries in the composition table are elements of G, the set G is
closed with respect to addition modulo 5.

Associativity: For any three elements a, b,c € G, (a+5b)+5canda +5 (b +5
c) leave the same remainder when divided by 5.

e, (@+5b)+5c=a+5(b +5c)

(1+53)+54=3=1+5(3 +54) etc.
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Existence of Identity: Clearly 0 €G is the identity element, since we have

0+59=4=9+50,vacegC.
Existence of Inverse: Each element in G is invertible with respect to addition
modulo 5.

0 is its own inverse; 4 is the inverse of 1 and 1 is the inverse of 4.

2 1s the inverse of 3 and 3 is the inverse of 2 with respect to addition modulo

5 in G. Commutativity: From the composition table it is clear that a+5 b = b+5 a,

VabeG.
Hence (G, +5) is an abelian group.
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Example: Show that the set G={1, 2, 3, 4} is an abelian with respect to
multipli-cation modulo 5.

Solution: The composition table for multiplication modulo 5 is
X

5

WIN[F |-
RN
AR |lW|W

IO IN|EF
EPINIWIDID

4 3| 2

From the above table, it is clear that G is closed with respect to the operation

x5 and the binary composition x5 is associative; 1 is the identity element.
Each element in G has a inverse.

1 is its own

inverse 2 is the

inverse of 3

3 is the inverse of 2

4 is the inverse of 4, with respect to the binary

operation x5. Commutative law holds good in (G,

x5).

Therefore (G, x5) is an abelian group.

Example: Consider the group, G = {1, 5, 7, 11, 13, 17} under

multiplication modulo 18. Construct the multiplication table of G and find

1 7 a1t

the values of: 5

Example: If G is the set of even integers, i.e., G={---, -4, —2,0,2,4, - - - } then

prove that

G is an abelian group with usual addition as the operation. Solution: Let a, b,

G.

~ We can take a = 2x, b = 2y, ¢ = 2z, where X,
y,z€Z.Closure:a,beG=>a+beG.
Sincea+bh=2x+2y=2(x+y) €G.

Associativity: a,b,ceG=>a+(b+c)=(a+b)+c
Since
a+(b+c)=2x+(2y +22)
=2[x+ (y +2)]
=2[(x +y) +7]
=(2x + 2y) + 2z
=(a+b)+c

Existence of Identity: a € G, there exists 0 e Gsuchthata+0=0+a=a.

CeE
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Sincea+0=2x+0=2x=aand0+a=0+2x=2x=a

~ 0 1s the identity in G.

Existence of Inverse: a € G, there exists —a € G such that a+(—a) =
(—a)+a=0.Sincea+ (—a)=2x+(—2x)=0and (—a) +a=(—2x) +
2x =0.

~ (G, +) isa group.

Commutativity: a, beG=>a+b=b+a.
Sincea+b=2x+2y=2(x+y)=2(y+x)=2y+2x=b +a.

~ (G, +) is an abelian group.

MATHEMATICAL FOUNDATION OF COMPUTER SCIENCE - MRCET Page 99



Example: Show that set G = {x| x = 2"’13b

cation.

Solution: Let x,y, z € G. We can take x = 2oP3Y y= 2135 7=2
ILmeZ

We know that (i).p+r,q+s€eZ
(). (p+nN+l=p+(r+l),(q+s)+m=q+(s+m).
Closure: x,yeG=x-y€eG.
Sincex-y= (2p3q)(2r33) =P T30S e, Associativity: x,y,ZEG=>(xY)
2=x-(y-7) Since (x - ) - z = (2P3%2"3%)2la™)

for a, b € Z} is a group under multipli-

I3m, where p, q, I, S,

=2(p+r)+13(g+s)+m

=op+(r+)3gH(stm
:(263‘1)(2?3&2'3“2)

=x-(y-2) 0.0
Existence of Identity: Let x € G. We know thate = 273" € G, since 0 € Z.
ox - e=2P392030 = oP*030%+0 — 9P30d =y ang e . x = 20302P38 = oP3M =
X.~e€eGsuchthatx-e=e-x=x
Le= 203O is the identity element in G.
Existence of Inverse: Let x € G.
Now y =2 P37 9 e G exists, since —p, —g €Z such that
x-y=2P3027P379 = 2030 = g angy . x = 2773 792P38 = 2030 = ¢,
~Foreveryx =2P39 € G there existsy =2 73" 4 e G such that x .y =y x =
e. ~ (G, ) isagroup.

Example: Show that the sets of all ordered pairs (a, b) of real numbers for
which a =0 wrtthe operation * defined by (a, b) * (c, d) = (ac, bc +d) isa
group. Is the commutative?

Solution: Let G = {(a, b)| a, b € R and a =/0}. Define a binary operation *on G by
(a, b) *(c,

d) = (ac, bc + d), for all (a, b), (c, d) € G. Now we show that (G, #) is
a group. Closure: (a, b), (c,d) e G = (a, b) *(c, d) = (ac, bc +d) €
G.

Since a 70, ¢ 70 = ac 7/0.
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Associativity: (a, b), (c, d), (e,)eG=>{(a, b) +(c, d)}« (e, f) = (a, b) +{(c, d)
«(e, N)}. Since {(a, b) = (c, d)} = (e, f) = (ac, bc + d) * (e, 1)
= (ace, (bc + d)e +1)
= (ace, bce + de
+f) Also (a,b) ={(c,d) =(e,H)}=(a, b) *
(ce,de +f1)

= (a(ce), b(ce) + de + )
= (ace, bce + de + 1)

Existence of Identity: Let (a, b)eG. Let (X, y)e G such that (x, y)«(a, b)=(a,b)«(x,
y)=(a, b)

= (xa, ya +b) =(a, b)
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=>xa=ayath=Db

=>x=1(va70)andya=0=x=1andy=0 (~ a=0)
= (1, 0) € G such that (a, b) = (1, 0) = (a, b).
~ (1, 0) is the identity in G.
Existence of Inverse: Let (a, b) € G. Let (x, y) € G such that (x, y) * (a, b) = (1, 0)
= (xa,ya+b)=(1,0)
:>xa=1,ya+b=0:ax=al,y=;ab
=~ The inverse of (a, b) exits and it is (1/a,-b/a).
Commutativity: Let (a, b), (c,d) e G = (a, b) = (c, d) 5(c, d) = (a, b)
Since (a, b) = (c, d) = (ac, bc + d) and (c, d) = (a, b) = (ca, da + b).
~ G is a group but not commutative group w.r.t .

-1

Example: If (G, +) is a group then (a + b)_1 =b L.a forall a,be

G. Solution: Let a, b € G and e be the identity element in G.

LetaeG = a 1eGsuchthataa 1=a lia=e and be G b~ e G such that
b "=b “ b=
e.
Nowa,beG=ax*beGand (a*b)_leG.
Consider
(@a*b)+(b T+a L)=ax[bx(b L+a 1) (by associativity law)
=a*[(bsb ra ]
_ -1 -1_
=—ax(exa ) (bxb “=¢)
=axa 1 (e is the identity)
—e
and
b Lsahs@eb)y=bLsa ts(axn)
=b i@ tsa)+b]
=b L+ [exb]
b Lsb
=€

S(ash)x(b Tra )= lsa «(ash)=e
@xb) t=plial forall a, b €G.
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Note:

1. (b_la_l)_1 =ab

2. (abc)_1 N T

3. 1f (G, +) isagroup, then —(a + b) = (—b) + (—a)
4 —(@+b+c)=(——c)+(-b) +(—a).
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Theorem: Cancelation laws hold good in G, i.e., foralla,b,ceGax*b=ax*c

= b = c (left cancelation law) b xa = ¢ *a = b = c (right cancelation law).
Proof: G is a group. Let e be the identity element in G.

aeG=>a ~€Gsuchthata*a ~=a ~*a=e,
Consider

arb=axc
—a 1. (axb)= a_l(a % C)
5 (a_l xa) *b = (a_1 +a) * c (by associative law)

1

sexb=exc(a istheinverse of ainG)

> b = c (e is the identity element

in G) and
bxa=c=xa
-1_ -1
=>(bs*a)a “=(c*a)*a
> bx(ax a_l) =cx(ax a_l) (by associative law)
=>b*e:C*e(':a*a_1:e)
> b = c (e is the identity element in G)

Note:
1. If Gis an additive group,a+b=a+c=>b=candb+a=c+a=b=c.

2. In a semi group cancelation laws may not hold. Let S be the set of all 2 x 2
matrices over integers and let matrix multiplication be the binary operation

defmeDdlog S. T%ea g isa S,De[%%roup of the above operation.
[ [
If A= ;B= [ ;C= [J ,thenA, B, C € Sand AB = AC, we observe that
00 1 0 1 oleft
[ HE I O
cancellation law is not true in the semi group.

3. (N, +) is asemi group. Fora, b,c eN

a+b=a+c=>b+candb+a=c+a

= b =c. But (N, +) is not a group.
In a semigroup even if cancellation laws holds, then semigroup is not a group.

Example: If every element of a group G is its own inverse, show that G is an

1 loh,

abelian group. Solution: Let a, b € G. By hypothesisa ~=a, b

Then ab € G and hence (ab)_1
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=ab. Now
(ab) L =ab
b lal=ap
= ba=ab
~ G is an abelian group.
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Note: The converse of the above not true.

For example, (R, +), where R is the set of real numbers, is abelian group,
but no element except O is its own inverse.

Example: Prove that if a2 = a, then a = e, a being an element of a

group G. Solution: Let a be an element of a group G such that a2 =

a. To prove that a = e.

a=a=>aaz=a

1 1

—aa '=a@a H=e

1

= (aa)a
Sae=e[-aa ~=e]=>a=e[-ae=a]

Example: In a group G having more than one element, if x2 =X, for
every x € G. Prove that G is abelian.
Solution: Let a, b € G. Under the given hypothesis, we have a
= ab.

) _ _ 2202 _ 2 _ _

~ a(ab)b = (aa)(bb) =a"b” = ab = (ab)~ = (ab)(ab) =

a(ba)b
= ab = ba (Using cancelation laws)

2=a,b%=b, (ab)?

~ G is abelian.

2

Example: Show that in a group G, fora, b € G, (ab)2 = a2b & G is abelian.

(May. 2012) Solution: Leta, b € G, and (ab)2 = a2b2. To prove that G is
abelian.

Theré 5 9

(ab)~ =a"b

= (ab)(ab) = (aa)(bb)

> a(ba)b = a(ab)b (by Associative law) = ba = ab, (by

cancellation laws)

> G is abelian.

Conversely, let G be abelian. To prove that (ab)2
= a%b?. Then (ab)? = (ab)(ab) = a(ba)b = a(ab)b

= (aa)(bb) = a’b?.
*;*Example: If a, b are any two elements of a group (G, -), which commute. Show
that

1

1.a 1and b commute
2.b ~ and a commute

3.2 Tandb L commute.
Solution: (G, -) is a group and such that
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ab =ba.
1 ab=ba=a 1(ab)=a l(ba)

= (a la)b=a L(ba)
—eb=(a 1h)a
>b=(a lha

>ba T=[@ lh)aja !
=(a 'b)(aa 1)
=(a Th)e
—a 1p
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= a L and b commute.

1 ab =ba = (ab)b L = (ba)b *
S abb 1=
(ba)b L .
ae =b(ab 1)
S a=b(ab )
=b la=b p@ 1y
=(b_1b_)gab_1)]
=e(ab )
—ap 1
= b L and a commute.
2 ab=ba=(ab) T=(ba) tb lalzalp?

= a Landb L are commute.

Order of an Element
Definition: Let (G, 1) be a group and a € G, then the least positive integer n if it

exists such that a" = e is called the order of a € G,

The order of an element a € G is be denoted by O(a).
Example: G ={1, —1, i, —i} is a group with respect to multiplication. 1 is the

identityinG.11=12=1%3=... =15 0(1) = 1.
1?=(1*=(18= . =150(-1)=2
i4=i®=il2=... =15 0()

=4 ()t =-)8= =1

O(-i) = 4.

Example: In a group G, a is an element of order 30. Find order of a5.
Solution: Given O(a) = 30

> a 0 e, e is the identity element of G. Let O(a5) =n

= (a5)n =e

3 a5n = e, where n is the least positive integer. Hence 30 is divisor of 5n.
~N=06.

Hence O(a5) =6
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Sub Groups

Definition: Let (G, +) be a group and H be a non-empty subset of G. If (H, 1) is itself
Isa
group, then (H, ) is called sub-group of

(G, #). Examples:
1. (Z, +) is asubgroup of (Q, +).
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2. The additive group of even integers is a subgroup of the additive
group of all integers.
3. (N, +) is not a subgroup of the group (Z, +), since identity does not exist
in N under
+,
Example: LetG={1 -1, —i)and H={1, —1}.
Here G and H are groups with respect to the binary operation multiplication and
H is a subset of G. Therefore (H, -) is a subgroup of (G, ).

Example: Let H={0, 2, 4} < Z6. Check that (H, +6) is a subgroup
of (Z6, +6). Solution: Z6 ={0, 1, 2, 3, 4, 5},

*6

galb|lw|INN| ]| O

Q| | W|IN|PFPL,]O|O
OO | D] W|IDN|HFL|F
R | OO Bl WINIDN
NIk, |OJlO|B|]W]|W
WIN|IFPlOl O]l D] DS
HAlW|IN|FP,P|O]OI]O

=~ (Z6, +6) is a group.

H= {0, 2, 4}.
6 | O 2| 4
0| Of 2| 4
2 (240
4 | 4 0 2

The following conditions are to be satisfied in order to prove that it is

a subgroup. (i). Closure: Leta,be H=>a+6 b € H.
0,2eH=>0+62=2€H.

(ii). Identity Element: The row headed by 0 is exactly same as the initial row.
~ 0 is the identity element.

(iii). Inverse: 0 1= 0, 1= 4,4 ~=2.
Inverse exist for each element of (H, +6).
~ (H, +6) is a subgroup of (Z6, +6).

1

Theorem: If (G, +) is a group and H ¢ G, then (H, #) is a subgroup of (G, ) if and
only if
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(Ya,beH=>axbeH;

(i) aeH sa le

H. Proof: The condition is

necessary

Let (H, *) be a subgroup of (G, ).

To prove that conditions (i) and (ii) are satisfied.
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Since (H, ) is a group, by closure property we have a, b € H

= ab € H. Also, by inverse property a e H = a_1 € H.

The condition is sufficient:
Let (i) and (ii) be true. To prove that (H, *) is a subgroup

of (G, ¢). We are required to prove is:  is associative in H

and identity e e H.

That = is associative in H follows from the fact that = is associative in G. Since H
is nonempty, let aeH = a LeH (by (ii))

~a€Ha TeH=aa TeH (by ()
>e€H(vaa'eH>aa' €G=>aa ' =e, wheree is the identity in G.)
= e is the identity in
H. Hence H itself is a

group.
~ His a subgroup of G.

Example: The set S of all ordered pairs (a, b) of real numbers for which a =0 w.r.t
the operation x defined by (a, b) % (c, d) = (ac, bc + d) is non-abelian. Let H={(1,
b)| b € R} is a subset of S. Show that H is a subgroup of (S, x).

Solution: Identity element in Sis (1, 0). Clearly (1, 0) € H.

Inverse of (a, b) in Sis (1/a,-b/a) (-

a =/Qnverse of (1,¢) inSis (1, -c/1),

e, (1, —¢)

Clearly (1, ¢c) e H= (1,¢) L=(1 —c) € H.

Let (1, b) e H.

(L,b) % (1,¢) "= (1, b) x (1, )

=(1l1,bl-¢=Qb—-c)eEH(vb—-c€ER)

+(L,b), (L) EH=(1,b)x (1,c) teH-

H is a subgroup of (S, x).

Note: (1,b) < (1,c)=(1.1,b.1 +¢)
=(1,b+c)
=(1,c+Db)
=(1,¢c) x (1, b)

~ H is an abelian subgroup of the non-abelian group (S, x).
Theorem: If H1 and H2 are two subgroups of a group G, then H1 N A2 is also a
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subgroup of

Proof: Let H1 and H2 be two subgroups of a
group G. Let e be the identity element in G.

~e€HlandeeH2..e€

H1 N H?.

= H1 N H2 7/¢.

Letae H1 N H2and b € H1 N H2.

MATHEMATICAL FOUNDATION OF COMPUTER SCIENCE - MRCET Page 113



~a€eHl,aeH2andb e H1, b eH2.
Since H1 isasubgroup,a€eH1 andbeH1 =

~ab LeH1nm.
Thus we have,ae HINH2,be HI N H2 = ab

€H31. Similarly ab ~ € H2.

Leninmo.

~ H1 N H?2 is a subgroup of G.

Example: Let G be the group and Z={x € G| xy=yx for all yeG}. Prove that Z is a
subgroup of

G.
Solution: Sincee e G and ey = ye, for all y € G. It follows
that e € Z. Therefore Z is non-empty.
Takeanya,beZandanyyeG. Then
(ab)y = a(by)
=a(yb), sinceb € Z,by =yb
=(ay)b
=(ya)b
=y(ab)
This show that ab € Z.
LetaeZ=ay=yaforally € G.
= a_l(ay)a_l = a_l(ya)a_1
-1 -1 -1 -1
=(a "a)lya 7)=(a “y)@a )
-1, _ /.1 -1, __.-1
=e(ya 7)=(a “ye=>a “y=ay
This shows that 2+ € Z.

Thus, whena, b €Z, we haveab € Zand

a_1 €Z. Therefore Z is a subgroup of G.
This subgroup is called the center of G.

Homomorphism '
Homomorphism into: Let (G, 1) and (G, -) be two groups and f be a mapping from
G into

G'. If for a, b € G, f(a:b) = f(a)-f(b), then f is called homomorphism G into G'.
Homomorphism onto: Let (G, ¢) and (G ', -) be two groups and f be a mapping
from G onto G'. If for a, b € G, f(a:b) = f(a)-f(b), then f is called homomorphism
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G onto G'.
Also then G'is said to be a homomorphic image of G. We write this as f(G) [

G'. Isomorphism: Let (G, ) and (G (, -) be two groups and f be a one-one
mapping of G onto G'. If for a, b € G, f(a * b) =f(a) - f(b), then f is said to be an

isomorphism from G onto G .

Endomorphism: A homomorphism of a group G into itself is called an
endomor-phism. Monomorphism: A homomorphism into is one-one, then
it is called an monomor-phism. Epimorphism: If the homomorphism is
onto, then it is called epimorphism.

Automorphism: An isomorphism of a group G into itself is called an
automorphism.
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Example: Let G be the addltlve group of mtegers and G be the multiplicative group.

Then mappingf: G — G given by f(x) = 2%isa group homomorphlsm of G into G :
Solution: Since X, yeG:>x+yeGand2 ZyEG = 2% ZyEG

afx +y) =257 = 2% Y = 5(x) - f(y).

= f is a homomorphism of G into G’.
Example: Let G be a group of positive real numbers under multiplication and G

’be a group of all real numbers under addition. The mapping f: G — G' given by
f(x) = log10 x. Show that f is an isomorphism.

Solution: Given f(x) = log10 x.
Leta,b e G = ab € G. Also, f(a), f(b)eG

-~ f(ab) = log10 ab = log10 a + log10 b = f(a) + f(b).
> fis a homomorphism from G into

G . Let x1, x2 € G and f(x1) =f(x2)
log x =log X
> 990% 7%0%

:10'0910 X1 = 10'0910 X2

= X1 = X2

> fis one-one.

= f(10Y) = log10(10Y) = y.

~ Forevery e G', there exists 10° € G such that f(10y) =y

> fis onto.

=~ fan isomorphism from G to G'.

Example: If R is the group of real numbers under the addition and R" is the group
of positive real numbers under the multiplication. Let f: R — R be defined by
f(x) = e”, then show that f is an isomorphism.

Solution: Let f: R — R™ be defined by f(x) = e’

fis one-one: Leta, b € G and f(a) = f(b)

2 ef=eP

> log e = log eb
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saloge=Dbloge
sa=bhb
Thus f is one-one.
fis onto: If c € R™ then logceRandf(logc)=e =C
Thus each element of R" has a pre-image in R under f and hence f is onto.

f is Homomorphism: f(a + b) = ea+b = ea.eb = f(a).f(b) Hence f is an isomorphism.

log c
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Example: Let G be a multiplicative group and f : G — G such that for a € G,

fa) = a_l. Prove that f is one-one and onto. Also, prove that f is
homomorphism if and only if G is commutative. .

Solution: f: G — G is a mapping such that f(a) =a -,
for a € G. (i). To prove that f is one-one.
Leta,beG. ~a b LeGand f(a),
f(b) € G. Now f(a) = f(b)
—a 1=p~
=@ 1)-1=(p-1)-1
=a=b
=~ fis one-one.
(ii). To prove that f is onto.
Leta€G.~a ~ € Gsuch that f(a_l) = (a_l)_1 = a.

=~ fis onto.
(iii). Suppose f is a homomorphism.

For a, € G, ab €G. Now f(ab) = f(a)f(b)
(@) tza bl op-14-124-1p-1
=(b-la-1)-1=(a—1p-1)-1

=@ 1)-1(pb-1)-1=(b-1)-1@@1)-1

> ab =ha

~ G is abelian.

(iv). Suppose G is abelian =>ab =ba, vVa, b €G.

Fora, b € G, f(ab) = (ab) *
=p—1lg—1

=~ fis a homomorphism.
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UNIT-3

ELEMENTARY COMBINATORICS
Combinatorics is a subfield of “discrete mathematics,” so we should begin
by asking what discrete mathematics means. The differences are to some
extent a matter of opinion, and various mathematicians might classify
specific topics differently.

“Discrete” should not be confused with “discreet,” which is a much more
commonly-used word. They share the same Latin root, “discretio,” which
has to do with wise discernment or separation. In the mathematical
“discrete,” the emphasis is on separateness, so “discrete” is  the opposite
of “continuous.” If we are studying objects that can be separated and
treated as a (generally countable) collection of units rather than a
continuous structure, then this study falls into discrete mathematics.

In calculus, we deal with continuous functions, so calculus is not
discrete mathematics. In linear algebra, our matrices often have real
entries, so linear algebra also does not fall into discrete mathematics.

Text books on discrete mathematics often include some logic, as
discrete mathematics is often used as a gateway course for upper-level
math. Elementary number theory and set theory are also sometimes
covered. Algorithms are a common topic, as algorithmic techniques tend
to work very well on the sorts of structures that we study in discrete
mathematics.

In Combinatorics, we focus on combinations and arrangements of
discrete structures. There are five major branches of combinatorics that we
will touch on in this course: enumeration, graph theory, Ramsey Theory,
design theory, and coding theory. (The related topic of cryptog- raphy can
also be studied in combinatorics, but we will not touch on it in this course.)
We will focus on enumeration, graph theory, and design theory, but will
briefly introduce the other two topics.

1A. Enumeration

Enumeration is a big fancy word for counting. If you’ve taken a course in
probability and statistics, you’ve already covered some of the techniques
and problems we’ll be covering in this course. When a statistician (or other
mathematician) is calculating the “probability” of a particular outcome in
circumstances where all outcomes are equally likely, what they usually do is
enumerate all possible outcomes, and then figure out how many of these
include the outcome they are looking for.

EXAMPLE 1.1. What is the probability of rolling a 3 on a 6-sided die?
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SOLUTION. To figure this out, a mathematician would count the sides
of the die (there are six) and count how many of those sides display a
three (one of them). She would conclude that the probability of rolling @
3 on a 6-sided die is 1/6 (one in six).

1
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1. Whatis 2

That was an example that you could probably figure out without having
studied enumera- tion or probability, but it nonetheless illustrates the basic
principle behind many calculations of probability. The object of
enumeration is to enable us to count outcomes in much more complicated
situations. This sometimes has natural applications to questions of
probability, but our focus will be on the counting, not on the probability.
After studying enumeration in this course, you should be able to solve problems such as:

*If you are playing Texas Hold’em poker against a single
opponent, and the two cards in your hand are a pair, what is the
probability that your opponent has a higher pair?

- How many distinct Shidokus (4-by-4 Sudokus) are there?

* How many different orders of five items can be made from a bakery
that makes three kinds of cookies?

* Male honeybees come from a queen bee’s unfertilised eggs, so have
only one parent (a female). Female honeybees have two parents
(one male, one female). Assuming all ancestors were distinct, how
many ancestors does a male honeybee have from 10 generations ago?

Although all of these questions (and many others that arise naturally)
may be of interest to you, the reason we begin our study with
enumeration is because we’ll be able to use many of the techniques we
learn, to count the other structures we’ll be studying.

1B. Graph Theory

When a mathematician talks about graph theory, she is not referring to
the “graphs” that you learn about in school, that can be produced by a
spreadsheet or a graphing calculator. The “graphs™ that are studied in
graph theory are models of networks.

Any network can be modeled by using dots to represent the nodes of
the network (the cities, computers, cell phones, or whatever is being
connected) together with lines to represent the connections between
those nodes (the roads, wires, wireless connections, etc.). This model is
called a graph. It is important to be aware that only at a node may
information, traffic, etc. may pass from one edge of a graph to another
edge. If we want to model a highway network using a graph, and two
highways intersect in the middle of nowhere, we must still place a node at
that intersection. If we draw a graph in which edges cross over each
other but there is no node at that point, you should think of it as if there is
an overpass there with no exits from one highway to the other: the roads
happen to cross, but they are not connecting in any meaningful sense.
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1. Whatis 3
EXAMPLE 1.2. The following
diagram: Calgary
trathmore

Fort Macleod
Lethbridge  Medicine

Hat is a graph.

Many questions that have important real-world applications can be
modeled with graphs. These are not always limited to questions that seem
to apply to networks. Some questions can be modeled as graphs by using
lines to represent constraints or some other relationship between them (e.qg.
the nodes might represent classes, with a line between them if they cannot
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1. Whatis 4

be scheduled at the same time, or some nodes might represent students

and others classes, with a line between a student and each of the classes

he or she is taking).
After studying graph theory in this course, you should be able to solve problems such
as:

- How can we find a good route for garbage trucks to take through a particular
city?

- Is there a delivery route that visits every city in a particular area, without
repetition?

* Given a collection of project topics and a group of students each of

whom has expressed interest in some of the topics, is it possible to
assign each student a unique topic that interests him or her?

* A city has bus routes all of which begin and end at the bus terminal,
but with different schedules, some of which overlap. What is the
least number of buses (and drivers) required in order to be able to
complete all of the routes according to the schedule?

« Create a schedule for a round-robin tournament that uses as few time
slots as possible. Some of these questions you may only be able to answer

for particular kinds of graphs.
t(IilreaBIhO cory is a relatively “young” branch of mathematics. Although some of

and ideas that we will study date back a few hundred years, it was not
until the 1930s that these individual problems were gathered together and a
unified study of the theory of graphs began to develop.

1C. Ramsey Theory

Ramsey theory takes its name from Frank P. Ramsey, a British
mathematician who died in 1930 at the tragically young age of 26, when
he developed jaundice after an operation.

Ramsey was a logician. A result that he considered a minor lemma in one
of his logic papers now bears the name “Ramsey’s Theorem” and was the
basis for this branch of mathematics. Its statement requires a bit of graph
theory: given c colours and fixed sizes n, . . ., ng, there is an integer r =
R(n4, . .., n¢) such that for any colouring the edges of of a complete graph
on r vertices, there must be some i between 1 and ¢ such that there is a
complete subgraph on n; vertices, all of whose edges are coloured with

colour i.
In addition to requiring some graph theory, that statement was a bit
technical.  In much less precise terms that don’t require so much
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1. What is 5
background knowledge (but could be misleading in specific situations),
Ramsey Theory asserts that if structure is big enough and contains a
property we are interested in, then no matter how we cut it into pieces, at
least one of the pieces should also have that property. One major theorem in
Ramsey Theory is van der Waerden’s Theorem, which states that for any
two constants ¢ and n, there is a constant V (c, n) such that if we take V
(c, n) consecutive numbers and colour them with ¢ colours, there must be
an arithmetic progression of length n all of whose members have been
coloured with the same colour.

EXAMPLE 1.3. Here is a small example of van der Waerden’s Theorem.
With two colours and a desired length of 3 for the arithmetic progression,

we can show that V (2, 3) > 8 using the following colouring:
345678910

(In case it is difficult to see, we point out that 3, 4, 7, and 8 are black,
while 5, 6, 9, and 10 are grey, a different colour.) Notice that with eight
consecutive integers, the difference in a three-term arithmetic
progression cannot be larger than three. For every three-term arithmetic
progression with difference of one, two, or three, it is straightforward to
check that the numbers have not all received the same colour.

In fact, V (2, 3) = 9, but proving this requires exhaustive testing.
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1. Whatis

We will touch lightly on Ramsey Theory in this course, specifically on
Ramsey’s Theorem itself, in the context of graph theory.

1D. Design Theory

Like graph theory, design theory is probably not what any non-
mathematician might expect from its name.

When researchers conduct an experiment, errors can be introduced by
many factors (in- cluding, for example, the timing or the subject of the
experiment). It is therefore important to replicate the experiment a number
of times, to ensure that these unintended variations do not account for the
success of a particular treatment. If a number of different treatments are
being tested, replicating all of them numerous times becomes costly and
potentially infeasible. One way to reduce the total number of trials while
still maintaining the accuracy, is to test multiple treatments on each subject,
in different combinations.

One of the major early motivations for design theory was this context:
given a fixed number of total treatments, and a fixed number of treatments
we are willing to give to any subject, can we find combinations of the
possible treatments so that each treatment is given to some fixed number of
subjects, and any pair of treatments is given together some fixed number of
times (often just once). This is the basic structure of a block design.

EXAMPLE 1.4. Suppose that we have seven different fertilisers and seven
garden plots on which to try them. We can organise them so that each
fertiliser is applied to three of the plots, each garden plot receives 3
fertilisers, and any pair of fertilisers is used together on precisely one  of
the plots. If the different fertilisers are numbered one through seven, then a
method for arranging them is to place fertilisers 1, 2, and 3 on the first
plot; 1, 4, and 5 on the second; 1,

6, and 7 on the third; 2, 4, and 6 on the fourth; 2, 5, and 7 on the fifth; 3,
4, and 7 on the sixth; and 3, 5, and 6 on the last. Thus,

123 145 167
246 257 347
356

IS a design.

This basic idea can be generalised in many ways, and the study of
structures like these is the basis of design theory. In this course, we will
learn some facts about when designs exist, and how to construct them.

After studying design theory in this course, you should be able to
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1. Whatis
solve problems such as: Is it possible for a design to exist with a

particular set of parameters?
What methods might we use in trying to construct a design?

1E. Coding Theory

In many people’s minds “codes” and “cryptography” are inextricably
linked, and they might be hard-pressed to tell you the difference.
Nonetheless, the two topics are vastly different, as is the mathematics
involved in them.

Coding theory is the study of encoding information into different
symbols. When someone uses a code in an attempt to make a message
that only certain other people can read, this becomes cryptography.
Cryptographers study strategies for ensuring that a code is difficult to
“break” for those who don’t have some additional information. In coding
theory, we ignore the question of who has access to the code and how
secret it may be. Instead, one of the primary concerns becomes our
ability to detect and correct errors in the code.
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Codes are used for many purposes in which the information is not
intended to be secret. For example, computer programs are transformed
into long strings of binary data, that a computer reinterprets as
instructions. When you text a photo to a friend, the pixel and colour
information are converted into binary data to be transmitted through
radio waves. When you listen to an
.mp3 file, the sound frequencies of the music have been converted into
binary data that your computer decodes back into sound frequencies.

Electronic encoding is always subject to interference, which can
cause errors. Even when a coded message is physically etched onto a
device (such as a dvd), scratches can make some parts of the code
illegible. People don’t like it when their movies, music, or apps freeze,
crash, or skip over something. To avoid this problem, engineers use
codes that allow our devices to automatically detect, and correct, minor
errors that may be introduced.

In coding theory, we learn how to create codes that allow for error
detection and correction, without requiring excessive memory or storage
capacity. Although coding theory is not a focus of this course, designs can
be used to create good codes. We will learn how to make codes from
designs, and what makes these codes “good.”

EXAMPLE 1.5. Suppose we have a string of binary information, and we
want the computer to store it so we can detect if an error has arisen. There
are two symbols we need to encode: 0 and 1. If we just use O for 0 and 1
for 1, we’ll never know if a bit has been flipped (from 0 to 1 or vice versa).
If we use 00 for 0 and 01 for 1, then if the first bit gets flipped we’ll know
there was an error (because the first bit should never be 1), but we won’t
notice if the second was flipped. If we use 00 for 0 and 11 for 1, then we
will be able to detect an error, as long as at most one bit gets flipped,
because flipping one bit of either code word will result in either 01 or 10,
neither of which is a valid code word. Thus, this code allows us to detect an
error. It does not allow us to correct an error, because even knowing that a
single bit has been flipped, there is no way of knowing whether a 10 arose
from a 00 with the first bit flipped, or from a 11 with the second bit flipped.
We would need a longer code to be able to correct errors.

After our study of coding theory, you should be able to solve problems such as:
« Given a code, how many errors can be detected?
- Given a code, how many errors can be corrected?

* Construct some small codes that allow detection and correction of
small numbers of errors.
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EXERCISES 1.6. Can you come up with an interesting counting problem
that you wouldn’t know how to solve?

SUMMARY:
- enumeration
. graph theory
« Ramsey theory
« design theory
« » coding theory

Basic Counting Techniques

When we are trying to count the number of ways in which something can
happen, sometimes the answer is very obvious. For example, if a doughnut
shop has five different kinds of doughnuts for sale and you are planning to
buy one doughnut, then you have five choices.

There are some ways in which the situation can become slightly more
complicated. For example, perhaps you haven’t decided whether you’ll buy
a doughnut or a bagel, and the store also sells three kinds of bagels. Or
perhaps you want a cup of coffee to go with your doughnut, and there are
four different kinds of coffee, each of which comes in three different sizes.

These particular examples are fairly small and straightforward, and
you could list all of the possible options if you wished. The goal of this
chapter is to use simple examples like these to demonstrate two rules that
allow us to count the outcomes not only in these situations, but in much
more complicated circumstances. These rules are the product rule, and
the sum rule.

2A. The product rule

The product rule is a rule that applies when we there is more than one
variable (i.e. thing that can change) involved in determining the final
outcome.

EXAMPLE 2.1. Consider the example of buying coffee at a coffee shop
that sells four varieties and three sizes. When you are choosing your coffee,
you need to choose both variety and size. One way of figuring out how
many choices you have in total, would be to make a table. You could label
the columns with the sizes, and the rows with the varieties (or vice versa, it
doesn’t matter). Each entry in your table will be a different combination of
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variety and size:

Small Medium Large
Latte small latte medium latte large latte
Mocha small mocha | medium mocha |large mocha
Espresso | small medium large

espresso espresso espresso
Cappucct | small medium large
no cappuccino cappuccino cappuccino

As you can see, a different combination of variety and size appears in
each space of the table, and every possible combination of variety and size
appears somewhere. Thus the total number of possible choices is the
number of entries in this table. Although in a small example like this we
could simply count all of the entries and see that there are twelve, it will be
more useful to notice that elementary arithmetic tells us that the number of
entries in the table will be the number of rows times the number of
columns, which is four times three.

In other words, to determine the total number of choices you have, we
multiply the number of choices of variety (that is, the number of rows in
our table) by the number of choices of size (that is, the number of columns
in our table). This is an example of what we’ll call the product rule.

We’re now ready to state the product rule in its full generality.

THEOREM 2.2.Product Rule Suppose that when you are determining the
total number of outcomes, you can identify two different aspects that can
vary. If there are n; possible outcomes for the first aspect, and for each of
those possible outcomes, there are n, possible outcomes for the second
aspect, then the total number of possible outcomes will be n;ns.

In the above example, we can think of the aspects that can change as
being the variety of coffee, and the size. There are four outcomes
(choices) for the first aspect, and three outcomes (choices) for the second
aspect, so the total number of possible outcomes is 4 3 = 12.

Sometimes it seems clear that there are more than two aspects that are
varying. If this happens, we can apply the product rule more than once to
determine the answer, by first identifying two aspects (one of which may
be “all the rest”), and then subdividing one or both of those aspects. An
example of this is the problem posed earlier of buying a doughnut to go
with your coffee.

EXAMPLE 2.3. Kyle wants to buy coffee and a doughnut. The local
doughnut shop has five kinds of doughnuts for sale, and sells four varieties
of coffee in three sizes (as in Example 2.1). How many different orders
could Kyle make?
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SOLUTION. A natural way to divide Kyle’s options into two aspects that
can vary, is to consider separately his choice of doughnut, and his choice of
coffee. There are five choices for the kind of doughnut he orders, so n; = 5.
For choosing the coffee, we have already used the product rule in Example

2.1 to determine that the number of coffee options is n, = 12.
Thus the total number of different orders Kyle could make is nn, =5 - 12 = 60.

Let’s go through an example that more clearly involves repeated
applications of the product rule.

EXAMPLE 2.4. Chloé wants to manufacture children’s t-shirts. There
are generally three sizes of t-shirts for children: small, medium, and
large. She wants to offer the t-shirts in eight different colours (blue,
yellow, pink, green, purple, orange, white, and black). The shirts can
have an image on the front, and a slogan on the back. She has come up
with three images, and five slogans.

To stock her show room, Chlo# wants to produce a single sample of each
kind of shirt that she will be offering for sale. The shirts cost her $4 each to
produce. How much are the samples going to cost her (in total)?

SOLUTION. To solve this problem, observe that to determine how many
sample shirts Chloé will produce, we can consider the size as one aspect,
and the style (including colour, image, and slogan) as the other. There are n;
= 3 sizes. So the number of samples will be three times n,, where n, is the
number of possible styles.

We now break n, down further: to determine how many possible styles are available,

you
can divide this into two aspects: the colour, and the decoration (image
and slogan). There are n,; = 8 colours. So the number of styles will be
eight times n,,, where n,, is the number of possible decorations
(combinations of image and slogan) that are available.

We can break n,, down further: to determine how many possible
decorations are available, you divide this into the two aspects of image
and slogan. There are n,,; = 3 possible images, and n,,, = 5 possible
slogans, so the product rule tells us that there are n,, = 3 5 = 15 possible
combinations of image and slogan (decorations).

Putting all of this together, we see that Chlo# will have to create 3(8(3
5)) = 360 sample t-shirts. As each one costs $4, her total cost will be
$1440.

]

Notice that finding exactly two aspects that vary can be quite artificial.
Example 2.4 serves as a good demonstration for a generalisation of the
product rule as we stated it above. In that example, it would have been
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more natural to have considered from the start that there were four
apparent aspects to the t-shirts that can vary: size; colour; image; and
slogan. The total number of t-shirts she needed to produce was the product
of the number of possible outcomes of each of these aspects: 3-8 -3 -5=
360.

THEOREM 2.5.Product Rule for many aspects Suppose that when you
are determining the total number of outcomes, you can identify k different

aspects that can vary. If for each i between 1 and k there are n; possible
outcomes for the ith aspect, then the total number of

possible outcomes will-be Qk n; (that is, the product as i goes from 1 to k of the n;).
Now let’s look at an example where we are trying to evaluate a probability. Since

this
course is about counting rather than probability, we’ll restrict our
attention to examples where all outcomes are equally likely. Under this
assumption, in order to determine a probability, we can count the number
of outcomes that have the property we’re looking for, and divide by the
total number of outcomes.

EXAMPLE 2.6. Peter and Mary have two daughters. What is the
probability that their next two children will also be girls?

SOLUTION. To answer this, we consider each child as a different aspect.
There are two possible sexes for their third child: boy or girl. For each of
these, there are two possible choices for their fourth child: boy or girl. So in
total, the product rule tells us that there are 2 2 = 4 possible combinations
for the sexes of their third and fourth children. This will be the denominator
of the probability.

To determine the numerator (that is, the number of ways in which both
children can be girls), we again consider each child as a different aspect.
There is only one possible way for the third child to be a girl, and then
there is only one possible way for the fourth child to be a girl. So in
total, only one of the four possible combinations of sexes involves both
children being girls.

The probability that their next two children will also be girls is 1/4. O

Notice that in this example, the fact that Peter and Mary’s first two
children were girls was irrelevant to our calculations, because it was already
a known outcome, over and done with, so is true no matter what may
happen with their later children. If Peter and Mary hadn’t yet had any
children and we asked for the probability that their first four children will all
be girls, then our calculations would have to include both possible options
for the sex of each of their first two children. In this case, the final
probability would be 1/16 (there are 16 possible combinations for the sexes
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of four children, only one of which involves all four being female).

EXERCISES 2.7. Use only the product rule to answer the following questions:

1) The car Jack wants to buy comes in four colours; with or without air
conditioning; with five different options for stereo systems; and a
choice of none, two, or four floor mats. If the dealership he visits has
three cars in the lot, each with different options, what is the
probability that one of the cars they have in stock has exactly the
options he wants?

2)Candyce is writing a “Choose your own adventure” book in which
she wants every possible choice to result in a different ending. If
there are four points at which choices

must be made in every storyline, and there are three choices the
first time but two every time after that, how many endings does
Candyce need to write?

3)William is buying five books. For each book he has a choice of
version: hardcover, paperback, or electronic. In how many different
ways can he make his selection?

2B. The sum rule

The sum rule is a rule that can be applied to determine the number of
possible outcomes when there are two different things that you might
choose to do (and various ways in which you can do each of them), and
you cannot do both of them. Often, it is applied when there is a natural way
of breaking the outcomes down into cases.

EXAMPLE 2.8. Recall the example of buying a bagel or a doughnut at
a doughnut shop that sells five kinds of doughnuts and three kinds of
bagels. You are only choosing one or the other, so one way to determine
how many choices you have in total, would be to write down all of the
possible kinds of doughnut in one list, and all of the possible kinds of
bagel in another list:

Doughnuts Bagels
chocolate glazed

blueberry
chocolate iced cinnamon
raisin
honey cruller
plai
n custard filled
original glazed
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The total number of possible choices is the number of entries that appear
in the two lists combined, which is five plus three.

In other words, to determine the number of choices you have, we add the
number of choices of doughnut (that is, the number of entries in the first
list) and the number of choices of bagel (that is, the number of entries in the
second list). This is an example of the sum rule.

We’re now ready to state the sum rule in its full generality.

THEOREM 2.9.Sum Rule Suppose that when you are determining the
total number of out- comes, you can identify two distinct cases with the
property that every possible outcome lies in exactly one of the cases. If
there are n, possible outcomes in the first case, and n, possible outcomes in
the second case, then the total number of possible outcomes will be n; + n,.

It’s hard to do much with the sum rule by itself, but we’ll cover a couple
more examples and then in the next section, we’ll get into some more
challenging examples where we combine the two rules.

Sometimes the problem naturally splits into more than two cases, with
every possible out- come lying in exactly one of the cases. If this happens,
we can apply the sum rule more than once to determine the answer. First
we identify two cases (one of which may be “everything else”), and then
subdivide one or both of the cases. Let’s look at an example of this.

EXAMPLE 2.10. Mary and Peter are planning to have no more than three
children. What are the possible combinations of girls and boys they might
end up with, if we aren’t keeping track of the order of the children? (By not
keeping track of the order of the children, I mean that we’ll consider
having two girls followed by one boy as being the same as having two girls
and one boy in any other order.)

SOLUTION. To answer this question, we’ll break the problem into cases.
First we’ll divide the problem into two possibilities: Mary and Peter have no
children; or they have at least one child. If Mary and Peter have no
children, this can happen in only one way (no boys and no girls). If Mary
and Peter have at least one child, then they have between one and three
children. We’ll have to break this down further to find how many outcomes
are involved.

We break the case where Mary and Peter have between one and three
children down into two cases: they might have one child, or they might
have more than one child. If they have one child, that child might be a boy
or a girl, so there are two possible outcomes. If they have more than one
child, again we’ll need to further subdivide this case.

The case where Mary and Peter have either two or three children
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naturally breaks down into two cases: they might have two children, or they
might have three children. If they have two children, the number of girls
they have might be zero, one, or two, so there are three possible outcomes
(the remaining children, if any, must all be boys). If they have three
children, the number of girls they have might be zero, one, two, or three, so
there are four possible outcomes (again, any remaining children must be
boys).

Now we put all of these outcomes together with the sum rule. We
conclude that in total, there are 1 + (2 + (3 + 4)) = 10 differer&
combinations of girls and boys that Mary and Peter might end up with.

Notice that it was artificial to repeatedly break this example up into
two cases at a time. Thus, Example 2.10 serves as a good demonstration
for a generalisation of the sum rule as we stated it above. It would have
been more natural to have broken the problem of Mary and Peter’s kids
up into four cases from the beginning, depending on whether they end
up with zero, one, two, or three kids. The total number of combinations
of girls and boys that Mary and Peter might end up with, is the sum of
the combinations they can end up with in each of these cases; that is, 1 +
2+3+4=10.

THEOREM 2.11.Sum Rule for many cases Suppose that when you are
determining the total number of outcomes, you can identify k distinct cases

with the property that every possible outcome lies in exactly one of the
cases. If for each i between 1 and k there are n; possible
outcomes in the ith case, then the total number of possible outecames will be 2k

{ﬁ%aé[u'r‘cﬁ as i goes from 1 to k of the n;).

There is one other important way to use the sum rule. This application
Is a bit more subtle. Suppose you know the total number of outcomes,
and you want to know the number of outcomes that don’t include a
particular event. The sum rule tells us that the total number of outcomes
Is comprised of the outcomes that do include that event, together with
the ones that don’t. So if it’s easy to figure out how many outcomes
include the event that interests you, then you can subtract that from the
total number of outcomes to determine how many outcomes exclude that
event. Here’s an example.

EXAMPLE 2.12. There are 216 different possible outcomes from rolling a
white die, a red die, and a yellow die. (You can work this out using the
product rule.) How many of these outcomes involve rolling a one on two or
fewer of the dice?

N;
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SOLUTION. Tackling this problem directly, you might be inclined to split
it into three cases: outcomes that involve rolling no ones, those that involve
rolling exactly one one, and those that involve rolling exactly two ones. If
you try this, the analysis will be long and fairly involved, and will include
both the product rule and the sum rule. If you are careful, you will be able
to find the correct answer this way.

We’ll use a different approach, by first counting the outcomes that we
don’t want: those that involve getting a one on all three of the dice. There
is only one way for this to happen: all three of the dice have to roll ones!
So the number of outcomes that involve rolling ones on two or fewer of
the dice, will be 216 — 1 = 215.

EXERCISES 2.13. Use only the sum rule to answer the following questions:

1)1 have four markers on my desk: one blue and three black. Every day
on my way to class, | grab three of the markers without looking.
There are four different markers that could be left behind, so there
are four combinations of markers that | could take with me. What is
the probability that | take the blue marker?

2)Maple is thinking of either a letter, or a digit. How many different
things could she be thinking of?

3)How many of the 16 four-bit binary numbers have at most one 1 in them?

2C. Putting them together

When we combine the product rule and the sum rule, we can explore more challenging
guestions.

EXAMPLE 2.14. Grace is staying at a bed-and-breakfast. In the evening,
she is offered a choice of menu items for breakfast in bed, to be delivered
the next morning. There are three kinds of items: main dishes, side dishes,
and beverages. She is allowed to choose up to one of each, but some of
them come with optional extras. From the menu below, how many| different
breakfasts could she order?

Menu
Mains Sides Beverage
S
pancakes fruit coffee
cup
oatmeal toast tea
omelet orange
te juice
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waffl
es

SOLUTION. We see that the number of choices Grace has available
depends partly on whether or not she orders an item or items that include
optional extras. We will therefore divide our consideration into four cases:

1)Grace does not order any pancakes, waffles, or
toast. 2)Grace orders pancakes or waffles, but

does not order toast.

3)Grace does not order pancakes or waffles, but does
order toast. 4)Grace orders toast, and also orders

either pancakes or waffles.

In the first case, Grace has three possible choices for her main dish (oatmeal,
omelette, or

nothing). For each of these, she has two choices for her side dish (fruit

cup, or nothing). For each of these, she has four choices for her beverage

(coffee, tea, orange juice, or nothing). Using the product rule, we

conclude that Grace could order 3 2 4 = 24 different breakfasts that do

not include pancakes, waffles, or toast.

In the second case, Grace has two possible choices for her main dish
(pancakes, or waffles). For each of these, she has two choices for her side
dish (fruit cup, or nothing). For each of these, she has four choices for her
beverage. In addition, for each of her choices of pancakes oraffles, she can
choose to have maple syrup, or not (two choices). Using the product
rule, we conclude that Grace could order 2 2 4 2 = 32 different breakfasts
that include pancakes or waffles, but not toast.

In the third case, Grace has three possible choices for her main dish
(oatmeal, omelette, or nothing). For each of these, she has only one
possible side dish (toast), but she has four choices for what to put on her
toast (marmalade, lemon curd, blackberry jam, or nothing). For each of
these choices, she has four choices of beverage. Using the product rule,
we conclude that Grace could order 3 4 4 = 48 different breakfasts that
include toast, but do not include pancakes or waffles.
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In the final case, Grace has two possible choices for her main dish
(pancakes, or waffles). She has two choices for what to put on her main
dish (maple syrup, or only butter). She is having toast, but has four
choices for what to put on her toast. Finally, she again has four choices
of beverage. Using the product rule, we conclude that Grace could order
2 2 4 4 = 64 different breakfasts that include toast as well as either
pancakes or waffles.

Using the sum rule, we see that the total number of different
breakfasts Grace could order is 24 + 32 + 48 + 64 = 168. -

Here’s another example of combining the two rules.

EXAMPLE 2.15. The types of license plates in Alberta that are available
to individuals (not corporations or farms) for their cars or motorcycles, fall
into one of the following categories:

- vanity plates; - veteran plates; or
- regular car plates; - motorcycle plates.
None of these license plates use the letters
| or O.
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Regular car plates have one of two formats: three letters followed by
three digits; or three letters followed by four digits (in the latter case, none
of the letters A, E, I, O, U, or Y is used). Veteran plates begin with the letter
V, followed by two other letters and two digits. Mo-

torcycle plates have two letters followed by three digits.
Setting aside vanity plates and ignoring the fact that some three-letter
words are avoided, how many license plates are available to individuals in

Alberta for their cars or motorcycles?

SOLUTION. To answer this question, there is a natural division into four
cases: regular car plates with three digits; regular car plates with four digits;
veteran plates; and motorcycle plates.

For a regular car plate with three digits, there are 24 choices for the first
letter, followed by 24 choices for the second letter, and 24 choices for the
third letter. There are 10 choices for the first digit, 10 choices for the second
digit, and 10 choices for the third digit. Using the product rule, the total
number of license plates in this category is 24° 10° = 13, 824, 000.

For a regular car plate with four digits, there are 20 choices for the first
letter, followed by 20 choices for the second letter, and 20 choices for the
third letter. There are 10 choices for  the first digit, 10 choices for the
second digit, 10 choices for the third digit, and 10 choices for the fourth
digit. Using the product rule, the total number of license plates in this
category is  20° 10* = 80, 000, 000.

For a veteran plate, there are 24 choices for the first letter, followed by
24 choices for the second letter. There are 10 choices for the first digit, and
10 choices for the second digit. Using the product rule, the total number of
license plates in this category is 24° 10° = 57, 600.

Finally, for a motorcycle plate, there are 24 choices for the first letter,
followed by 24 choices for the second letter. There are 10 choices for the
first digit, 10 choices for the second digit, and 10 choices for the third
digit. Using the product rule, the total number of license plates in this
category is 24° - 10° = 576, 000.

Using the sum rule, we see that the total number of license plates is
13, 824, 000 + 80, 000, 000 + 57, 600 + 576, 000
which is 94, 457, 600. u

It doesn’t always happen that the sum rule is applied first to break the
problem down into cases, followed by the product rule within each case. In
some problems, these might occur in the other order. Sometimes there
may seem to be one “obvious” way to look at the problem, but often there
IS more than one equally effective analysis, and different analyses might
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begin with different rules.

In Example 2.14, we could have begun by noticing that no matter what

else she may choose, Grace has four possible options for her beverage.
Thus, the total number of possible breakfast orders will be four times the
number of possible orders of main and side (with optional extras). Then
we could have proceeded to analyse the number of possible choices for
her main dish and her side dish (together with the extras). Breaking down
the choices for her main and side dishes into the same cases as before,
we could see that there are 3 2 = 6 choices in the first case;
2:2 2 = 8 choices in the second case; 3 4 = 12 choices in the third case;
and 2 2 4 = 16 choices in the fourth case. Thus she has a total of 6 + 8 +
12 + 16 = 42 choices for her main and side dishes. The product rule now
tells us that she has 4 42 = 168 possible orders for her breakfast.

Let’s run through one more (simpler) example of using both the sum and
product rules, and work out the answer in two different ways.

EXAMPLE 2.16. Kathy plans to buy her Dad a shirt for his birthday. The
store she goes to has three different colours of short-sleeved shirts, and six
different colours of long-sleeved shirts. They will gift-wrap in her choice of
two wrapping papers. Assuming that she wants the shirt gift-wrapped, how
many different options does she have for her gift?

SOLUTION. Let’s start by applying the product rule first. There are two
aspects that she can vary: the shirt, and the wrapping. She has two choices
for the wrapping, so her total number of options will be twice the number
of shirt choices that she has. For the shirt, we break her choices down into
two cases: if she opts for a short-sleeved shirt then she has three choices
(of colour), while if she opts for a long-sleeved shirt then she has six
choices. In total she has 3 + 6 = 9 choices for the shirt. Using the
product rule, we see that she has 2 9 = 18 options for her gift.

Alternatively, we could apply the sum rule first. We will consider the
two cases: that she buys a short-sleeved shirt; or a long-sleeved shirt. If
she buys a short-sleeved shirt, then she has three options for the shirt,
and for each of these she has two options for the wrapping, making (by
the product rule) 3 2 = 6 options of short-sleeved shirts. If she buys a
long-sleeved shirt, then she has six options for the shirt, and for each of
these she has two options for the wrapping, making (by the product rule)
6 2 = 12 options of long-sleeved shirts. Using the sum rule, we see that
she has 6 + 12 = 18 options for her gift.

EXERCISES 2.17. How many passwords can be created with the
following constraints: 1) The password is three characters long and
contains two lowercase letters and one digit,
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in some order.
2) The password is eight or nine characters long and consists entirely of digits.

3) The password is five characters long and consists of lowercase letters
and digits. All  of the letters must come before all of the digits in
the password, but there can be any number of letters (from zero
through five).

#The password is four characters long and consists of two
characters that can be either digits or one of 16 special characters,
and two lowercase letters. The two letters can be in any two of the
four positions.

5) The password is eight characters long and must include at least
one letter and at least one digit.

6) The password is eight characters long and cannot include any
character more than once.

EXERCISES 2.18.

1) There are 8 buses a day from Toronto to Ottawa, 20 from Ottawa
to Montreal, and 9 buses directly from Toronto to Montreal.
Assuming that you do not have to complete the trip in one day (so
the departure and arrival times of the buses is not an issue), how
many different schedules could you use in travelling by bus from
Toronto to Montreal?

2)How many 7-bit ternary strings (that is, strings whose only entries
are 0, 1, or 2) begin with either 1 or 01?

2D. Summing up

Very likely you’ve used the sum rule or the product rule when counting
simple things, without even stopping to think about what you were
doing. The reason we’re going through each of them very slowly and
carefully, is because whsen we start looking at more complicated problems,
our uses of the sum and product rules will become more subtle. If we
don’t have a very clear understanding in very simple situations of what
we are doing and why, we’ll be completely lost when we get to more
difficult examples.

It’s dangerous to try to come up with a simple guideline for when to use
the product rule and when to use the sum rule, because such a guideline
will often go wrong in complicated situations. Nonetheless, a good question
to ask yourself when you are trying to decide which rule to use is, “Would
I describe this with the word ‘and,” or the word ‘or’ ?”” The word “and” 1s
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generally used in situations where it’s appropriate to use the product rule,
while “or” tends  to go along with the sum rule.

Let’s see how this applies to each of the examples we’ve looked at in this chapter.

In Example 2.1, you needed to choose the size and the variety for your
coffee. In Example 2.3, Kyle wanted to choose a doughnut and coffee. In
Example 2.4, Chloé needed to determine the size and the colour and the
iImage and the slogan for each t-shirt. In Example 2.6, we wanted to
know the sex of Peter and Mary’s third and fourth children. So in each
of these examples, we used the product rule.

In Example 2.8, you needed to choose a bagel or a doughnut. In Example
2.10, Mary and Peter could have zero or one or two or three children. So in
each of these examples, we used the sum rule.

You definitely have to be careful in applying this guideline, as
problems can be phrased in a misleading way. We could have said that in
Example 2.8, we want to know how many different kinds of doughnuts
and of bagels there are, altogether. The important point is that you aren’t
choosing both of these things, though; you are choosing just one thing,
and it will be either a doughnut, or a bagel.

In Example 2.14, Grace was choosing a main dish and a side dish and a
beverage, so we used the product rule to put these aspects together.
Whether or not she had extra options available for her main dish depended
on whether she chose pancakes or waffles or oatmeal or omelette or
nothing, so the sum rule applied here. (Note that we didn’t actually consider
each of these four things separately, since they naturally fell into two
categories. However, we would have reached the same answer if we had
considered each of them separately.) Similarly, whether or not she had
extra options available for her side dish depended on whether she chose
toast or not, so again the sum rule applied.

In Example 2.15, the plates can be regular (in either of two ways) or
veteran or motorcycle plates, so the sum rule was used. In each of these
categories, we had to consider the options for the first character and the
second character (and so on), so the product rule applied.

Finally, in Example 2.16, the shirt Kathy chooses can be short-sleeved or
long-sleeved, so the sum rule applies to that distinction. Since she wants to
choose a shirt and gift wrap, the product rule applies to that combination.

EXERCISES 2.19. For each of the following problems, do you need to use
the sum rule, the product rule, or both?

1)Count all of the numbers that have exactly two digits, and the
numbers that have exactly four digits.

2)How many possible outcomes are there from rolling a red die and a
yellow die? 3)How many possible outcomes are there from rolling
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three dice, if you only count the
outcomes that involve at most one of the dice coming up as a one?

Permutations, Combinations, and the Binomial Theorem

The examples we looked at in Chapter 2 involved drawing things from an
effectively infinite population — they couldn’t run out. When you are
making up a password, there is no way you’re going to “use up” the letter b
by including it several times in your password. In Example 2.4, Chloé’s
suppliers weren’t going to run out of blue t-shirts after printing some
of her order, and be unable to complete the remaining blue t-shirts she’d
requested. The fact that someone has already had one daughter doesn’t
mean they’ve used up their supply of X chromosomes so won’t have
another daughter.

In this chapter, we’ll look at situations where we are choosing more than
one item from a finite population in which every item is uniquely identified
— for example, choosing people from a family, or cards from a deck.

3A. Permutations

We begin by looking at permutations, because these are a
straightforward application of the product rule. The word “permutation™
means a rearrangement, and this is exactly what a permutation is: an
ordering of a number of distinct items in a line. Sometimes even though
we have a large number of distinct items, we want to single out a smaller
number and arrange those into a line; this is also a sort of permutation.

DEFINITION 3.1. A permutation of n distinct objects is an arrangement
of those objects ifito%an ordered line. 1f 1 r n (and r is a natural number)
then an r-permutation of n objects is an arrangement of r of the n objects
into an ordered line.

So a permutation involves choosing items from a finite population in
which every item is uniquely identified, and keeping track of the order in
which the items were chosen.

Since we are studying enumeration, it shouldn’t surprise you that what
we’ll be asking in this situation is how many permutations there are, in a
variety of circumstances. Let’s begin with an example in which we’ll
calculate the number of 3-permutations of ten objects (or in  this case,

people).
18
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EXAMPLE 3.2. Ten athletes are competing for Olympic medals in
women’s speed skating (1000 metres). In how many ways might the
medals end up being awarded?

SOLUTION. There are three medals: gold, silver, and bronze, so this
qguestion amounts to finding the number of 3-permutations of the ten
athletes (the first person in the 3-permutation is the one who gets the

gold medal, the second gets the silver, and the third gets the bronze). To
solve this question, we’ll apply the product rule, where the aspects that
can vary are the winners of the gold, silver, and bronze medals. We begin
by considering how many different athletes might get the gold medal.
The answer is that any of the ten athletes might get that medal. No
matter which of the athletes gets the gold medal, once that is decided we
move our consideration to the silver medal. Since one of the athletes has
already been awarded the gold medal, only nine of them remain in
contention for the silver medal, so for any choice of athlete who wins
gold, the number of choices for who gets the silver medal is nine.
Finally, with the gold and silver medalists out of contention for the
bronze, there remain eight choices for who might win that medal. Thus,
the total number of ways in which the medals might be awarded

is 10 -9 -8 =720. O

We can use the same reasoning to determine a general formula for
the number of r- permutations of n objects:
THEOREM 3.3. The number of r-permutations of n objectsisn(n—1) ... (n—r+1).
PROOF. There are n ways in which the first object can be chosen (any of

the n objects). For each of these possible choices, there remain n — 1 objectg
to choose for the second object, etc.

It will be very handy to have a short form for the number of permutations of n
objects.

NOTATION 3.4. We use n! to denote the number of permutations of n objects, so
nNl=nn-1)...1.

By convention, we define 0! = 1.

DEFINITION 3.5. We read n! as “n factorial,” so n factorial isn(n— 1) . .. 1.

Thus, the number of r-permutations of n objects can be re-written as n!/(n r)!. When
n=r
this gives n!/0! = n!, making sense of our definition that 0! = 1.
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EXAMPLE 3.6. There are 36 people at a workshop. They are seated at
six round tables of six people each for lunch. The Morris family (of
three) has asked to be seated together (side-by- side). How many
different seating arrangements are possible at the Morris family’s table?

SOLUTION. First, there are 3! = 6 ways of arranging the order in which
the three members of the Morris family sit at the table. Since the tables
are round, it doesn’t matter which specific seats they take, only the order
in which they sit matters. Once the Morris family is seated, the three
remaining chairs are uniquely determined by their positions relative to
the Morris family (one to their right, one to their left, and one across
from them). There are 33 other people at the conference; we need to
choose three of these people and place them in order into the three
vacant chairs. There are 33!/(33 3)! = 331/30! ways of doing this. In total,
there are 6(33!/30!") = 196,416 different seating arrangements possible at
the Morris family’s table.

By adjusting the details of the preceding example, it can require some
guite different thought processes to find the answer.

EXAMPLE 3.7. At the same.workshoﬁ, there are three round dinner
tables, seating twelve people each. The Morris family members (Joy,
Dave, and Harmony) still want to sit at the same table, but they have
decided to spread out (so no two of them should be side-by-side) to meet
more people. How many different seating arrangements are possible at the
Morris family’s table now?

SOLUTION. Let’s begin by arbitrarily placing Joy somewhere at the table,
and seating everyone else relative to her. This effectively distinguishes the
other eleven seats. Next, we’ll consider the nine people who aren’t in Joy’s
family, and place them (standing) in an order clockwise around the table

HOIOION
®

@ @

MATHEMATICAL FOUNDATION OF COMPUTER éé%IENCE - MRCET Page 25



from her. There are 33!/(33 9)! ways to do this. Before we actually assign
seats to these nine people, we decide where to slot in Dave and Harmony
amongst them.

(In the above diagram, the digits 1 through 9 represent the nine other
people who are sitting at the Morris family’s table, and the J represents
Joy’s position.) Dave can sit between any pair of non-Morrises who are
standing beside each other; that is, in any of the spots marked by small black
dots in the diagram above. Thus, there are eight possible choices for where
Dave will sit. Now Harmony can go into any of the remaining seven spots
marked by black dots. Once Dave and Harmony are in place, everyone
shifts to even out the circle (so the remaining black dots disappear), and
takes their seats in the order determined.

We have shown that therer are 33!/24! 8 7 possible seating
arrangements at the Morris table. That’s a really big number, and it’s
quite acceptable to leave it in this format. However, in case you find
another way to work out the problem and want to check your answer, the
total number is 783,732,837, 888, 000.

EXERCISES 3.8. Use what you have learned about permutations to
work out the following problems. The sum and/or product rule may also
be required.

1)Six people, all of whom can play both bass and guitar, are
auditioning for a band. There are two spots available: lead guitar,
and bass player. In how many ways can the band be completed?

2)Your friend Garth tries out for a play. After the auditions, he texts
you that he got one of the parts he wanted, and that (including
him) nine people tried out for the five roles. You know that there
were two parts that interested him. In how many ways might the
cast be completed (who gets which role matters)?

3)You are creating an 8-character password. You are allowed to use
any of the 26 lower- case characters, and you must use exactly one
digit (from O through 9) somewhere in

the password. You are not allowed to use any character more than
once. How many different passwords can you create?
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sHow many 3-letter “words” (strings of characters, they don’t

actually have to be words) can you form from the letters of the word

STRONG? How many of those words contain an s? (You may not
use a letter more than once.)

5)How many permutatidns of 0,1, 2, 3,4, 5,6 have no adjacent even
digits? For example, a permutation like 5034216 is not allowed
because 4 and 2 are adjacent.

3B. Combinations

Sometimes the order in which individuals are chosen doesn’t matter; all that
matters is whether or not they were chosen. An example of this is choosing
a set of problems for an exam. Although the order in which the questions
are arranged may make the exam more or less intimidating, what really
matters is which questions are on the exam, and which are not. Another
example would be choosing shirts to pack for a trip (assuming all of your
shirts are distinguishable from each other). We call a choice like this a
“combination,” to indicate that it is the collection of things chosen that
matters, and not the order.

DEFINITION 3.9. Let n be a positive natural nugnbér, and 0 r n. Assume that
we have
n distinct objects. An r-combination of the n objects is a subset consisting of r of the
objects.

So a combination involves choosing items from a finite population in
which every item is uniquely identified, but the order in which the choices
are made is unimportant.

Again, you should not be surprised to learn (since we are studying
enumeration) that what we’ll be asking is how many combinations there are,
in a variety of circumstances. One signifi- cant difference from
permutations is that it’s not interesting to ask how many n-combinations
there are of n objects; there is only one, as we must choose all of the
objects.

Let’s begin with an example in which we’ll calculate the number of 3-
combinations of ten objects (or in this case, people).

EXAMPLE 3.10. Of the ten athletes competing for Olympic medals in
women’s speed skating (1000 metres), three are to be chosen to form a
committee to review the rules for future competitions. How many different
committees could be formed?

SOLUTION. We determined in Example 3.2 that there are 10!/7! ways in
which the medals can be assigned. One easy way to choose the committee
would be to make it consist of the three medal-winners. However, notice
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that if (for example) Wong wins gold, Sajna wins silver,
and_Andersen wins bronze, we will end up with the same committee as
if Sajna wins gold, Andersen wins silver, and Wong wins bronze. In
fact, what we’ve learned about permutations tells us that there are 3!
different medal outcomes that would each result in the committee being
formed of Wong, Sajna, and Andersen. g
In fact, there’s nothing special about Wong, Sajna, and Andersen — for any choice

of three
people to be on the committee, there are 3! = 6 ways in which those
individuals could have been awarded the medals. Therefore, when we
counted the number of ways in which the medals could be assigned, we
counted each possible 3-member committee exactly 3! = 6 times. So the
number of different committees is 10!/(7!3!) =10 - 9 - 8/6 = 120.

We can use the same reasoning to determine a general formula for the
number of r- combinations of n objects:
THEOREM 3.11. The number of r-combinations of n objects is
n!
Nn—r)!

PROOF. By Theorem 3.3, there are n!/(n r)! r-permutations of nobjects.
Suppose that we knew there are k unordered r-subsets of n objects (i.e. r-
combinations). For each of these k unordered subsets, there are r! ways
in which we could order the elements. This tells us that kK - r!l = n!/(n —
r)!. Rearranging the equation, we obtain k = n!/(r!(n — r)!).

It will also prove extremely useful to have a short form for the number
of r-combinations of n objects.
NOTATION 3.12. We use "N" to denote the number of r-combinations of n objects, so

=
n— _ _nl
r rl(n—-nrl

DEFINITION 3.13. Wg:,read "as “n choose r,” so n choose r is
n!/[r!(n — r)!]. Notice that when r = n, we have

>
| [ [
[ =nti—njt =ntor 71" =1,
coinciding with our earlier observation that there is only one way in which

all of the n objects can be chosen. Similarly,
-2

|
d' ormzoy=1;
there is exactly one way of choosing none of the n objects.
Let’s go over another example that involves combinations.

EXAMPLE 3.14. Jasmine is holding three cards from a regular deck of
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playing cards. She tells you that they are all hearts, and that she is holding at
least one of the two highest cards in the suit (Ace and King). If you wanted
to list all of the possible sets of cards she might be holding, how long would
your list be?

SOLUTION. We’ll consider three cases: that Jasmine is holding the
Ace (but not the King); that she is holding the King (but not the Ace), or
that she is holding both the Ace and the King.

If Jasmine is holding the Ace but not the King, of the eleven other
cards in the suit of hearts she musEbe holding two. There are ** possible
choices for the cards she is holding in
this case.

Similarly, if Jasmine is holding the King but not the Ace, of the eleven
other cards in the suit of hearts she must be Rolding two. Again, there
are ™ possible choices for the cards she
Is holding in this case.

Finally, if Jasmine is holding the Ace and the King, then she is holding
one of the other eleven cards in the Suit of hearts. There are '* possible
choices for the cards she is holding in
this case.

In total, you would have to list

11 11 1 qq 111 _11-10_ 11-10

)+ Mo Ta9 T 2 o

= ﬁ 7 +£|9 7

+11=55+55+11=121

possible sets of cards.
Here is another analysis that also works: Jasmine has at least one of the
Ace and the King, so let’s divide the problem into two cases: she might be
B%'@Jﬂ@!l&h%ﬁw?&tﬁés%hﬁﬁ%i%ﬂo@@w fpldingsthayKiRgnbw Hopditgené\esglushe
Is holding the Ace, then of the twelve other hearts,
2 )
the Ace, then as before, her other two cards can " =55 ways, for a total (again)

be chosen in of 121. 2
O
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A common mistake in an example like this, is to divide the problem into

thecasendipkdasmine is Dolding [he £65RLIBAL SPGARONHIGHDS g

and to determine that each of these
The problem vilizh

%ﬂis I%nalysis IS that we’ve counted the combinations that include both the Ace and
e King

twice: once as a combination that includes the Ace, and once as a
combination that includes the King. If you do this, you need to
compensate by subtracting at the-zlend the number of combinations that
have been counted twice: that is, those that include the Ace and the
King. As we worked out in the example, there are ' = 11 of these,

making a total of 132—-11 =121
combinations.

EXERCISES 3.15. Use what you have learned about combinations to work
out the following problems. Permutations and other counting rules we’ve
covered may also be required.

1For a magic trick, you ask a friend to draw three cards from a
standard deck of 52 cards. How many possible sets of cards might
she have chosen?

2)For the same trick, you insist that your friend keep replacing her first
draw until she draws a card that isn’t a spade. She can c}ioo’se any
cards for her other two cards. How gmagy possible sets of cards might
she end up with? (Caution: choosing 5 , 6 , 3 in that order, is not
different from choosing 6 ,5 , 3 inthat order. You do not need
to take into account that some sets will be more likely to occur
than others.)

3)How many 5-digit numbers contain exactly two zeroes? (We insist
that the number contain exactly 5 digits.)

4)Sandeep, Hee, Sara, and Mohammad play euchre with a standard
deck consisting of 24 cards (A, K, Q, J, 10, and 9 from each of the
four suits of a regular deck of playing cards). In how many ways can
the deck be dealt so that each player receives 5 cards, with 4 cards
left in the middle, one of which is turned face-up? The order of the 3
cards that are left face-down in the middle does not matter, but who
receives a particular  set of 5 cards (for example, Sara or Sandeep)
does matter.

5)An ice cream shop has 10 flavours of ice cream and 7 toppings. Their
megasundae consists of your choice of any 3 flavours of ice cream
and any 4 toppings. (A customer must choose exactly three different
flavours of ice cream and four different toppings.) How many
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different megasundaes are there?

3C. The Binomial
Theorem Here is an algebraic example in which “n

choose r” arises naturally. EXAMPLE 3.16. Consider
(a+ b)* = (a+ b)(a+ b)(a+ b)a+b).

If you try to multiply this out, you must systematically choose the a or the
b from each of the four factors, and make sure that you make every
possible combination of choices sooner or later.

One way of breaking this task down into smaller pieces, is to separate it
into five parts, depending on how many of the factors you choose as from
(4, 3, 2, 1, or 0). Each time you choose 4 of the as, you will dbtaihaasingle
contribution to the coefficient of the term a*; each time you choose 3 of the
as, you will obtain a single contribution to the term a®b; each time you
choose 2 of the as, you will obtain a single contribution to the term a“b?;
each time you choose 1 of the as, you will obtain a single contribution to
the term ab® and each time you choose 0 of the as, you will obtain a
single contribution to the term b*. In other words, the coefficient

of a particular term a'b*" will be the number of ways in which you can
choose i of the factors from which to take an a, taking a b from the other 4 -
i factors (where 0 <i <4},

choose four factors from which to take as. (Clearly, you must choose an a
from every one of the four factors.) Thus, the coefficient of a* will

be 1.
_, If you want to take as from three of the four factors, Theorem 3.11 tells us that there
é akel ways in which to choose the factors from which you take the as. (Specifically, these

fchr ways consist of taking the b from any one of the four factors, and the as from the
other

three factors). Thus, the coefficient of a*b will be 4.
, If you want to take as from two of the four factors, and bs from the other two, Theorem
tell that there are = 6 ways in which to choose the factors from which

(ﬂ’fe‘ﬁ'f%l%e@ from the other two factors). This is a small enough example that you could
easily

work out all six ways by hand if you wish. Thus, the coefficient of a®b® will be 6.
» If you want to také as from one of the four factors, Theorem 3.11 tells us that there
% atel ways in which to choose the factors from which you take the as. (Specifically, these

fg[)Hr ways consist of taking the a from any one of the four factors, and the bs from the
other

three factors). Thus, the coefficient of ab® will be 4.
Finally, by Theorem 3.11, thereis * =1 way to choose zero factors from
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which to take as. (Clearly, you must choose a b from every one of the four

factors.) Thus, the coefficient of b* will be 1.
Putting all of this together, we see that

(a+ b)* = a* + 4a°b + 6a’h? + 4ab® + b*.

In fact, if we leave the coefficients in the original form in which we
worked them out, we see that
Z >

'4 4 4

>
(a+h)'= 8’ +4 ab-lz e ab§J+4

b4
This example generallses into a significant theorem of mathematics:

THEOREM 3.17.Binomial Theorem For any a and b, and any natural number n, we have

n =
(a+b) s afbn T,

One special case of this r
Is that
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PROOF. As in Example 3.16, we see that the coefficient of a"h" " in (a+b)"
will be the number of ways of chqosing r of the n factors from which we’ll

tak?&h&é‘s@@l‘iﬁl&é@%{ @egliﬁlpytgssgﬂ)%{g that 1 — T factors). By Theorem 3.11,
there are " ways of making this choice.

i N =(x+ ";thentakea=xandb=
in the general formula. Use the fact that 1" " = 1 for any integers n and rc

Thus, the valugs " are the coefficients of the terms in the Binomial Theorem.

DEFINITION 3.18. Expressions of -Ehe form " are referred to as binomial coefficients.

There are some nice, simple consequences of the binomial theorem.
COROLLARY 3.19. For any natural number n, we have

-
r:O2
r

=2".

PROOF. This is an immediate consequence of substituting a = b =1 into

the Binomial Theo- rem. -
COROLLARY 3.20. For any natural number n, we have
>0 .
(F D=0,
r=0x
PROOF. From the special case of the Binomial Theorem, we have
Zn
1+x)"= ; > X.
If we differentiate both sides, we =0
obtain
> X
n(1+x)"'=, x—1,
r
=0 T
Substituting x = —1 gives the result (the left-hand side is zero). O
EXERCISES 3.21. Use the Binomial Theorem to evaluate the following:
n -nboi
1=
1
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2)the coefficient of a’b*c?d* in (a + b)°(c

+ d)°. 3)the coefficient of a’b°c®in (a +

b)>(b + c)°.

4)the coefficient of a®b? in (a + b)® + (a + b?)".

Countingwith Repetitions

In counting combinations and permutations, we assumed that we were
drawing from a set in which all of the elements are distinct. Of course, it is
easy to come up with a scenario in which some of the elements are
indistinguishable. We need to know how to count the solutions to problems
like this, also.

5A. Unlimited repetition

For many practical purposes, even if the number of indistinguishable
elements in each class is not actually infinite, we will be drawing a small
enough number that we will not run out. The bagel shop we visited in
Example 2.8 is not likely to run out of one variety of bagel before filling a
particular order. In standard card games, we never deal enough cards to a
single player that they might have all of the cards of one suit and still be
getting more cards.

This is the sort of scenario we’ll be studying in this section. The set-up
we’ll use is to assume that there are n different “types” of item, and there
are enough items of each type that we won’t run out. Then we’ll choose
items, allowing ourselves to repeatedly choose items of the same type as
many times as we wish, until the total number of items we’ve chosen is r.
Notice that (unlike in Chapter 3), in this scenario r may exceed n.

We’ll consider two scenarios: the order in which we make the choice
matters, or the order in which we make the choice doesn’t matter.

EXAMPLE 5.1. Chris has promised to bring back bagels for three friends
he’s studying with (as well as one for himself). The bagel shop sells eight
varieties of bagel. In how many ways can he choose the bagels to give to
Jan, Tom, Olive, and himself?

SOLUTION. Here, it matters who gets which bagel. We can model this by
assuming that the first bagel Chris orders will be for himself, the second for
Jan, the third for Tom, and the last for Olive. Thus, the order in which he
asks for the bagels matters.

We actually saw back in Chapter 2 how to solve this problem. It’s just an
application of the product rule! Chris has eight choices for the first bagel;
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for each of these, he has eight choices for the second bagel; for each of
these, he has eight choices for the third bagel; and for each of these, he
has eight choices for the fourth bagel. So in total, he has 8* ways to choose
the bagels.

OK, so if the order in which we make the choice matters, we just use
the multiplication rule. What about if order doesn’t matter?

33
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EXAMPLE 5.2. When Chris brought back the bagels, it turned out that
he’d done a poor job of figuring out what his friends wanted. They all
traded around. Later that night, they sent him to the doughnut store, but
this time they told him to just bring back eight doughnuts and they’d
figure out who should get which. If the doughnut store has five varieties,
how many ways are there for Chris to fill this order?

SOLUTION. Let’s call the five varieties chocolate, maple, boston cream,
powdered, and jam- filled. One way to describe Chris’ order would be to
make a list in which we first write one c¢ for each chocolate doughnut, then
one m for each maple doughnut, then one b for each boston cream
doughnut, then one p for each powdered doughnut, and finally one j for
each jam-filled doughnut. Since Chris is ordering eight doughnuts, there
will be eight letters in this list. Notice that there’s more information
provided by this list than we actually need. We know that all  of the first
group of letters are cs, so instead of writing them all out, we could simply
put a dividing marker after all of the cs and before the first m. Similarly, we
can put three more dividing markers in to separate the ms from the bs, the
bs from the ps, and the ps from the Jjs. Now we have a list that might
look something like this:

ccllbbb|ppp

(Notice in this possible list, Chris chose no maple or jam-filled doughnuts.)

Now, we don’t actually need to write down the letters ¢, m, b and so on,
as long as we know how many spaces they take up; we know that any
letters that appear before the first dividing marker are cs, for example. Thus,
the following list gives us the same information as the list above:

Similarly, if we see
the list ||| |

we understand that Chris ordered no chocolate doughnuts; two maple
doughnuts; two boston cream doughnuts; three powdered doughnuts;
and one jam-filled doughnut.

So an equivalent problem is to count the number of ways of arranging
eight underlines and four dividing markers in a line. This is something we
already understand! We have twelve positions that we need to fill, and the
prébtevthat thihioan heasynsniays can we fill eight of the twelve positions with
undgrljnes (placing dividing markers in the other four positions). We

O
This technique can be used to give us a general formula for counting the
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number of ways of choosing r objects from n types of objects, where we are
allowed to repeatedly choose objects of the same type.

THEOREM 5.3. The number of ways of choosing r objects from n types of
objects (with re- placement or repetition allowed) is
n+r- 1Z
' :
PROOF. We use the same idea as in the solution to Example 5.2, above.

Since there are n

different types of objects, we will need n—1 dividing markers to keep them
are choosing r objects, we will need ra@gpfllirgﬁqgg a total of n + rs—1 positions to be

filled.
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We can choose the r positions in which the objects will go in n+r 1 ways, and then (in
each

. 12
cr?se) put dividing markers into the remaiﬂi'hﬁ nl— 1 positions. Thus, ways
there are
choose r objects from n types of objects, if repetition or replacement of choices is

Again, we will want to have a short form for this value.

NOTATION 5.4. Wé,zuse " to denote the number of ways of choosing r
objects from n types of objects (with replacement or repetition allowed), so
"nZZ: 'n+r—12
r r '

The reason we say “replacement or repetition” is because there is another
natural model for this type of problem. Suppose that instead of choosing
eight bagels from five varieties, Chris is asked to put his hand into a bag
that contains five different-coloured pebbles, and draw one out; then replace
it, repeatedly (with eight draws in total). If he keeps count of how many
times he draws each of the rocks, the number of possible tallies he’ll end up
with is exactly the same as the number of doughnut orders in Example 5.2.

The following table summarises some of the key things we’ve learned about counting

so far:

Table5.1. The number of ways to choose r objects from n objects (or
types of objects)

repetition repetition not
allowed allowed
r n!
order matters n (n—1)!
NNy N

order doesn’t L I

r r
matter
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EXERCISES 5.5. Evaluate the following problems.

1)Each of the ten sections in your community band (trombones, flutes,
and so on) includes at least four people. The conductor needs a
guartet to play at a school event. How many different sets of
instruments might end up playing at the event?

2) The prize bucket at a local fair contains six types of prizes. Kim wins
4 prizes; Jordan wins three prizes, and Finn wins six. Each of the
kids plans to give one of the prizes he has won to his teacher, and
keep the rest. In how many ways can their prizes (including the gifts
to the teacher) be chosen? (It is important which gift comes from
which child.)

3)There are three age categories in the local science fair: junior,
intermediate, and senior. The judges can choose nine projects in
total to advance to the next level of competition, and they must
choose at least one project from each age group. In how many
ways can the projects that advance be distributed across the age
groups?

EXERCISES 5.6. Pro}\dze the foIE)wmg %;)mbmatorlal identities:

DFork,n=>1, e E
2)For k,n_l,k‘ = -nkeL
3)For k,nx1, K17 = Tntk- i
n 1 b k 5
nFord nk, = K =
n k—1
k—n
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EXERCISES 5.7. Solve the following problems.

1Find the number of 5-lists of the form ( Xy, X5, X3, X4, X5), Where each X;
IS @ nonnegative integer and X; + X, + X3+ X4 + 3X5 = 12.

2)We will buy 3 pies (not necessarily all different) from a store that
sells 4 kinds of pie. How many different orders are possible? List all
of the possibilities (using A for apple, B for blueberry, C for cherry,
and D for the other one).

3)Suppose Lacrosse balls come in 3 colours: red, yellow, and blue.
How many different combinations of colours are possible in a 6-
pack of Lacrosse balls?

a)After expanding (a + b + ¢ + d)’ and combining like terms, how many
terms are there? [Justify your answer without performing the
expansion.]

5B. Sorting a set that contains repetition

In the previous section, the new work came from looking at combinations
where repetition or replacement is allowed. For our purposes, we assumed
that the repetition or replacement was effectively unlimited; that is, the store
might only have 30 cinnamon raisin bagels, but since Chris was only
ordering four bagels, that limit didn’t matter.

In this section, we’re going to consider the situation where there are a
fixed number of objects in total; some of them are “repeated” (that is,
indistinguishable from one another), and we want to determine how many
ways they can be arranged (permuted). This can arise in a variety of
situations.

EXAMPLE 5.8. When Chris gets back from the doughnut store run, he
discovers that Mo- hammed, Jing, Karl, and Sara have joined the study
session. He has bought two chocolate doughnuts, three maple doughnuts,
and three boston cream doughnuts. In how many ways can the doughnuts
be distributed so that everyone gets one doughnut?

SOLUTION. Initially, this looks a lot like a permutation question: we
need to figure out the number of ways to arrange the doughnuts in some
order, and give the first doughnut to the first student, the second
doughnut to the second student, and so on.

The key new piece in this problem is that, unlike the permutations we’ve
studied thus far, the two chocolate doughnuts are indistinguishable (as are
the three maple doughnuts and the three boston cream doughnuts). This
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means that there is no difference between giving the first chocolate
doughnut to Tom and the second to Mohammed, and giving the first
chocolate doughnut to Mohammed and the second to Tom.

One way to solve this problem is to look at it as a series of combinations
of the people, rather than as a permutation question about the doughnuts.
Instead of arranging the doughnuts, we can first choose which two of the
eight peopje will receive the two chocolate doughnuts. Once that is done,
from theXemaining six people, we choose which three will receive maple
doughnuts. Finally, the remaining three people receive boston cream
doughnuts. Thus, the solution is 2 °.

Another approach is more like the approach we used to figure out how
many r-combinations there are of n objects. In this approach, we begin by
noting that we would be able to arrange the eight doughnuts in 8! orders if
all of them were distinct. For any fixed choice of two people who receive the
chocolate doughnuts, there are 2! ways in which those two chocolate
doughnuts could have been distributed to them, so in the 8! orderings of the
doughnuts, each of these choices for who gets the chocolate doughnuts has
been counted 2! times rather than once. Similarly, for any fixed choice of
three people who receive the maple doughnuts, there are 3! ways in which
these three maple doughnuts could have been distributed to them, and
each of these choices has been counted 3! times rather than once. The
same holds true for the three boston cream doughnuts. Thus, the solution
IS 8!/(&.‘3!3!).

Ince
-g=6=_ 8 6 _ 8l
2 3 7216 313 21313 ’

we see that these solutions are in fact identical although they look different™

This technique can be used to give us a general formula for counting
the number of ways of arranging n objects some of which are
indistinguishable from each other.

THEOREM 5.9. Suppose that:

- there are nobjects;
* for each iwitk £ i m, r; of them are of type i (indistinguishable
from each other); and
O I U o o
Then the number of arrangements (permutations) of these n objects is
n!
A
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PROOF. We use the same idea as in the solution to Example 5.8, above.
Either approach will work, but we’ll use the first. There will be n
positions in the final ordering of the objects. We begin by choosing r; of
these to hold the objects of type 1. Then we choose r, of them to hgid the
objects of type 2, and so on. Ultimately, we choose the final r,, locations
(inM=1

possible way) to hold the objects of type m.

Using the product rule, the total number of arrangements is

- 2. DI >
n n—r N—r—...— I'mut
r o i
_ nt (n-rp)! (=== rp)!
rll(n—lrl)! rRI(N—r—rp)! rm!0!
_ n!
AR
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UNIT-4
RECURRENCE RELATIONS

Second Order Recurrence Relations
In the previous section we saw how to solve first order linear recurrence
relations. This is when a, is given by a linear formula of a, 4, i.e.

a-n = pnan-l + Sn

where p, and s, are given sequences. In this section and the next we look at
second order linear recurrence relations when a, is given by a linear formula
of a,.; and a,», i.€

a, = pnan-l + qnan-2 + Sn

where p,, g, and s, are given sequences. For simplicity we concentrate on
the constant coefficient case when p, and g, don't vary with n, i.e.

(1) an = Pany + ganz + S

where p and g are just numbers. In this section we look at the situation
where the recurrence relation is homogeneous which is when r, = 0 for all n,
i.e.

2) an = Pana + Gan
In the next section we look at the inhomogeneous case (1).

We illustrate the method of solution of equations of the form (2) with the
following example.

Example 1. Consider the equation

(3) a, = ap1 + 2a.,

along with the initial conditions

4) ag = 2 and a = 3
(3) is the special case of (2) whenp =1and q = 2.

To solve equations of the form (2) we start by looking for solutions which
have the special form



(5) a, = r

where r is a number to be determined. To determine r we substitute into (2).
We illustrate this with (3). If a, is given by (3) then

(6) g = I
and
(7) a,, = r"?

Substituting (5), (6) and (7) into (3) gives
o= vt 2

Divide this by r"? giving
rr=r+2

or
rF-r-2=20

This is called the characteristic equation. It is a quadratic equation. The
roots are the values of r in the solutions a, = r". To solve we either factor or
use the quadratic formula. In this case we can factor.

r-2)(r+1) =0
This equation has two solutions
rh =2 and r, = -1

Recall the r is a number such that (5) is a solution to (3). This gives the
following two solutions to (3)

a, = 2" and a, = (-1)"

Neither of these solutions satisfy the initial conditions (4). In order to get a
solution which satisfies (4) we need to take a superposition of these two
solutions, i.e. multiply them by constants and add. We can do this because
of the following

Superposition Principle. If a, and b, are two solutions of the equation (2)



then so are

a, + b,
Aa,
Aa, + Bb,

for any constants A and B.
Proof. By hypothesis we have
(8) 8 = Pani * Qan:
and
(9) by = pbni + qby2
If we add the equations (8) and (9) we get
(@n+bn) = p(ans+bpg) + g(@nz + bno)

which shows that a, + b, is a solution. If we multiply equation (8) by A we
get

(Aa,) = p(Aani) + q(Aan.)

which shows that Aa, is a solution. If we multiply equation (8) by A and
equation (9) by B and add we get

(Aan + an) = p(Aan-l + an-l) + q(Aan-Z + an-Z)
which shows that Aa, + Bb,, is a solution. //

It follows from the superposition principle that a, =A 2"+ B (- 1)"is a
solution to (3) for any constants A and B. Now we choose the constants A
and B to satisfy the initial conditions (4). Plugging in n = 0 we get

2 = a = A22+B(-1)° = A+ B
Plugging in n =1 we get
3 =a = A2"+B(-1)" = 2A-B

This is a system of two equations and two unknowns. We multiply them by



numbers to get the coefficient of one of the unknowns the same and then add
or subtract. In this case we can just add the equations

A+B = 2
2A -B = 3

3) 3) 1
3A —5:>A—3:>B—2—A—2-3—3

5 . : .
Soa, = 52"+ ( 1)". If we were interested in the behavior for large n
then a, = O(2 ).

If the roots of the characteristic equation are equal then a, = nr" is also a
solution where r is a root of the characteristic equation. Then the general
solution is a, = Ar" + Bnr".

Example 2. Consider the equation

(10) a, = 4a,, - 4a,-

along with the initial conditions

(11) a = 2 and a =5
Trya, = r". Substituting into (10) gives

M= 4" = P=4r-4 = rP-4r+4=0 = (r-2y°=0

rn =1r = 2

So a, = 2"is asolution. As indicated, when the roots of the characteristic
equation are equal, then a, = nr" is a solution. So in this case a, =n2" is a
solution. We can check this by plugging into (10). When we do this we get

n 2 n-1 n-2
n2” = 4(n-1)2"" - 4(n-2)2
Dividing by 2" gives

? ?
4n = 8(n-1) - 4(n—-2) = 4n = 8n-8 - 4n+8

which is true.



We get the general solution by taking a superposition of a, = 2" and a, = n2".
So a,=A 2"+ Bn2" is a solution to (10) for any constants A and B. Now we
choose the constants A and B to satisfy the initial conditions (4). Plugging in
n =0 we get

2 = a = A22+B(0)2° = A

Plugging in n =1 we get

5 =a = A2 +B(@1)2' = 2A + 2B = (2)(2) + 2B.

1 1 . :
SoB=3anda, = 2 2" + 5 n2" = (n + 4)2"". If we were interested in the

behavior for large n then a, = O(n2").

Example 3 (Fibonacci sequence). Recall the Fibonacci sequence f,, is
defined by the recurrence relation

(12) fo = foq + oo
along with the initial conditions
(13) fo =1 and fp =1

To solve we look for solutions of the form a, = r" where r determined by
substituting int (12). Doing this gives

Divide this by r"? giving
rr=r+1
or
r-r-1=20
This doesn't look easy to factor so we use the quadratic formula.

_14+1+4 145
r= 2 = 2

This equation has two solutions



_1++/5  1+224
2 ~

ry = 5 = 1.62
1-+/5 1-2.24
rh = 2\/_ ~ 2 = -0.62

This gives the following two solutions to (3)
1 +4/5)" 1-4/5Y
fo = [ 5 5] ~ 162" and f, = ( 5 5} ~ (-0.62)"

By the superposition principle the general solution is

A ol

2

Is a solution to (3) for any constants A and B. Now we choose the constants
A and B to satisfy the initial conditions (13). Plugging in n =0 we get

1 =1 =A+8B
SoB=1-A. Plugging inn =1 we get

1 =f = A(Mj+ B(l_z 5}

2

Using B =1 — A gives

1:\EA+1J25
or
_1+6  5++6  5+224 _
A=%5B T 10 < 10 -0
_ _ 5+y6 5-4/6 5-224 _
B=1-A=1-"5" =" ~ 19 = 0276

So



_ 5+45 1+%]” 5-%(1-@” '
fh = 1o { T ~ 0.724 (1.62)" +
0.276 (- 0.62)"

Note that (- 0.62)" — 0 as h — 0, s0 f, ~ 0.724 (1.62)" for large n. In

particular, f, = O( (1 +2 5} ]

Can we make the formula f, ~ 0.724 (1.62)" a little easier to interpret? Let's
write 1.62 = 10°°%1°“%2 One has logy(1.62) ~ 0.2 = 1/5, s0 1.62 ~ 10" and

f,~ 0.724 x 10", One way to look at this is that each time n increases by 5
the value of f, is multiplied by 10, i.e. one adds another digit to f,. For
example, f,5 ~ 0.725 x 10" = 72,500 while fy = 0.725 x 10°*** = 725,000.
The actual values are fo5 = 75,025 and f3q = 832,040.

One reason the Fibonacci numbers are important is because they are the
worst case for the Euclidean algorithm. More precisely, suppose you use the
Euclidean algorithm to find the greatest common divisor of m=f,and p =
fr+1. Then when you divide m =1, into p = f.; you get a quotient of 1 and a
remainder of f,, since f,.; =f, + f,... Then when you repeat the process
with f; and f, you get a quotient of 1 and a remainder of f,,, so the next pair
is f,» and f,.;. This continues until you reach f; = 1 and f, = 2 where you
stop since the remainder is 0. So, altogether, you had to n divisions.

Example 4. Let S, be the number of n bit strings that don't contain two
consecutive 1's. Find a formula for S,.

We discussed this in section 5.1 where we saw that S,, satisfied the
recurrence relation and initial conditions

Sn1t+ Shoo ifn>3
S, = 92 ifn=1
3 ifn=2

This is the same recurrence relation as the Fibonacci sequence f,, except the
initial conditions are different. In fact S; =f,and S, = f5. It follows that S,, =
foe1 forall n. So

_ 5418/5[1+\/§]””+5-18/§(1-\/§J””

n- 2 2




Q

. +1:3\ﬁ3 [1 +2\B]n +2 fgﬁ3 (1 _2\@“

1.17 (1.62)" - 0.17 (- 0.62)"



UNIT-5

GRAPH THEROY
TERMINOLOGY AND BASIC GRAPH THEORY

Introduction

This chapter presents an overview of basic graph theory, including its
association with set theory. Graphs can be shown to be quite useful,
especially as a mathematical tool for studying network problems. We shall
begin our study with graph theory as applied to static problems in network
theory, which are those problems that are related to the structure of the
network. Static problems include the assessment of the impact of the loss of
one or more communicating nodes or one or more communication links. We
use graph theory in an attempt to create networks that are less vulnerable to
such loss.

In another chapter of these notes, we shall consider the application of graph
theory to dynamic problems, such as dynamic load balancing. We shall
show that certain algorithms become unstable under dynamic conditions, in
that they present alternating optimal solutions: try this, no try that, etc. This
observation should serve as a caution not to trust results from static graph
theory to work in all dynamic problem areas.

But first we must get started with the basic graph theory. We begin with the
definition of sets and develop the idea of a graph as a set of vertices and a set
of edges.

Terminology and notations used

A graph G is a finite non-empty set of objects called vertices together with
a (possibly empty) finite set of unordered pairs of distinct vertices of G
called edges. The vertex set of G is commonly denoted by V(G), and the
edge set commonly denoted by E(G). The cardinality of the vertex set of a
graph G is called the order of G, and the cardinality of the edge set is called
the size of G. An (n, m)-graph G is a graph with n vertices and

m edges; |V(G)| = nand |E(G)| = m. Although graphs are formally defined
in terms of sets, they are commonly depicted by figures in which the nodes



are depicted as circles (or ellipses) and the edges as lines between the
circles.

The formal definition of a graph is based on set theory and utilizes the
Cartesian product of sets, for which we present the standard definition. We
begin by recalling that a set is an unordered collection of elements. For a set
A, we write a € A if element a is an member of set Aand a ¢ A if it is not.
We sometimes define sets by a complete listing of the members of the set
and sometimes by a description of the form {x | p(x)}, to be read as the set of
all x such that p(x) is true. Although it would be a bit strange, one can define
the set of all odd integers as { x | (x is an integer) and (x is an odd number) }.

Let A and B be two arbitrary sets, defined over the same type of elements.
We say that A is a subset of B, denoted as A c B, if every element that is in
A is also in B; more formally: A c B if and only if a € A implies a € B.
Two sets A and B are equal if and only if both A B and B — A. We say
that A is a proper subset of B, denoted A — B, if A < B, but A = B.



Definition: For any two sets A and B, the Cartesian product of A and B, denoted
by A x B, is the set of pairs of elements definedby AxB={(a,b)|ac A, b e
B}; thus it is the set of pairs of elements (a, b) for which the first element is a
member of set A and the second element is a member of set B.

As we shall soon see, one may take the Cartesian product of a set with itself. Thus
we have

AxA={(a;, a)|a; € A a, € A}. Thiswork will use the Cartesian product sets
for which the elements of the pair are distinct and unordered; thus a; # a, and (ay,
a,) is considered the same element as (a,, a;). For example, consider A = {1, 2, 3,
4}, The set A x A has 16 elements; our work focuses on a subset of A x A,Ec A
x A, that can be listed as

E={(1,2),(1,3),(1,4),(23),(2,4),(3,4) }.

Let X be an arbitrary set with a finite number of elements. The cardinality of X,
denoted by |X]|, is the number of elements in the set. If |X| =0, the set is said to be
the empty set, denoted by ®. If |X|> 0, the set is said to be non-empty. We now
define the basic set operations. For two sets A and B:

the set intersection, denoted AN B,isAnB={x|x € Aand x € B},

the set union, denoted AU B,iIsAuB={x]|x e Aorxe B}, and

the set difference, denoted A-B,isA-B={x|x e Aand x ¢ B}, and

the set symmetric difference, denoted A® B, isA®B=(AuB)-(A
N B);

that is, the set of elements either in set A or in set B, but not in both

sets.

As an example, consider the following two sets, each a subset of the
integers.
A={2,4,6,8, 10,12, 14, 16, 18}
B={36,9, 12,15, 18}
Then AnB={6,12,18}
AUuB={2234,/6,8,9 10,12, 14, 15, 16, 18}
A-B={24,8,10,14, 16}
A®B={23,4238,9,10, 14, 15, 16}.

These set operations are often illustrated using Venn diagrams, as shown below.
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Figure 1: Venn Diagrams for Common Set Operations




Set Elements and Singleton Sets

At this point, it is important to make the distinction between elements of sets and
the sets themselves. A set element can never be equal to a set. A singleton set is a
set with one element. Singleton sets, unlike the empty set @, generally have no
special significance in set theory and are mentioned only to clarify the notations
used in the theory.

Consider the following set: F = {0, 1, 2, 3}, the set of integers modulo 4. The
number 1 is an element of that set, so we can write 1 € F. Note that the element 1
Is distinct from {1}, which is the set consisting of the single element 1. The
following are true statements.

leF the element 1 is a member of the set F.
1e {1} the element 1 is a member of this set also.
{1} cF the set {1} is a proper subset of the set F.
{1} cF the set {1} is a subset of the set F.
dcF the empty set is a subset of every set. In order to falsify this
claim, one
would have to show an element x € @, such that x ¢ F. But the
empty
set has no members, so one cannot find such an element.

Note that we normally write subset inclusion as X Y, unless it is important to
state that X is a proper subset of set Y. Wesay X c Y ifeither Xc Yor X=Y is
an acceptable condition.

The following statements are not correct and in many cases violate the conventions
of set theory.

1cF an element cannot be a subset of any set. Elements are
members of sets.

1={1} an element can never be equal to a set; the two are different
object types.

{1} e F F is a set of elements, so another set cannot be a member of F.

{1} =F Obviously we have {1} — F, but F < {1} is shown to be false
by noting

that2 € F, but 2 ¢ {1}.

Sets of Sets
Just so the student knows it can be done, we can define a set containing other sets
as members. Thus we can define G = { {0}, {1}, {2}, {3} }. Note that G is not



equal to F, as F has four integers as members and G has four singleton sets as

members. In this case, we can properly write that {1} € G, as the set G contains
the element {1}.

Power Sets

We shall normally avoid sets that contain other sets as members. There is one
important set of sets that we should discuss — the power set. We define the term
and give an example.

For a given set X, the power set of X, denoted P(X), is the set of all subsets of X.

If A={0,1, 2, 3}, as above, then

P(A)={ @, {0}, {1}, {2}, {3}, {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4},
{1,2,3},{1,2,4},{1,3,4},{2,3,4},{1,2,3,4} }

It can be proven that if [X| = K, then |P(X)| = 2; here |A| = 4 and |P(A)| = 16 = 2.



We now restate the definition of a graph, using the more precise terminology.
Definition: A graph G is a finite non-empty set of vertices, denoted V(G), together
with a (possibly empty) finite set E — V(G) x V(G) of unordered pairs. As before,
we let [V(G)| =n

and |[E(G)| = m and speak of an (n, m)-graph, usually called G.

The definition above is a bit too general for use in association with graph theory,
so we immediately restrict it a bit. We introduce the idea of simple graphs, which
Is the type of graphs normally implied by the term “graph”. A simple graph is a
graph without edges connecting any vertex to itself. The graph in the next figure is
not simple, as it has edges connecting vertex 1 to itself and vertex 4 to itself.

The graph at right is also described as follows o- o

V(G) ={1, 2, 3,4}
EG) ={(1,1),(14),(23),(2,4). 44} o o
[
We shall restrict our study of graphs to simple graphs. While graphs with loops
are valuable in a number of studies, they are not useful in the analysis of networks

and do present a number of difficulties that we would like to avoid. So — only
simple graphs.

Figure 2: Two Representations of a Not-Simple Graph

For a set of n objects, there are ne(n — 1) ordered pairs of distinct elements; that is
pairs (i, j), with i # j, in which the element (i, j) is different from the element (j, i).
ne(n-1)
2
in which the element (i, j) is considered to be the same as the element (j, i). We
have two options, depending on whether the edge set contains ordered or
unordered pairs.
Directed graphs correspond to edge sets that contain ordered pairs.
Undirected graphs correspond to edge sets that contain unordered pairs.

For a set of n objects, there are (g = unordered pairs of distinct objects,

Consider the figure below, which shows an undirected graph and a directed
graph.
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Undirected Graph Directed Graph
Figure 3: Two Sample Graphs On the Same Vertex Set

Each of the graphs in the figure has the vertex set V = {1, 2, 3, 4}. The edge set of
the directed graph is E = { (1, 4), (2, 4), (3, 2), (4, 1), (4, 3)}. The edge set of the
undirected graph is

E={(1,4), (2, 3), (2, 4), (3,4) }. Note that in the undirected graph, the following
edges are implicitly listed: (3, 2), (4, 1), (4, 2), (4, 3), as the pairs representing the
edges are unordered. Thus, the pairs (1, 4) and (4, 1) are considered equivalent in
an undirected graph and each represents the same edge. In a directed graph each of
the ordered pairs (1, 4) and (4, 1) represents a distinct edge.



The student should note that it is always possible to create a directed graph that is
equivalent to an undirected graph; one need only “double up” each edge in the
undirected graph. The following figure shows an undirected graph and its

equivalent directed graph.

OO (L
0‘9 C!Dée

Undirected Graph Directed Graph
Figure 4: An Undirected Graph and the Equivalent Directed Graph

For the moment we shall restrict our discussions to undirected simple graphs,
which we shall call “graphs” with no further distinction. As noted above, the edge
set for an undirected graph with vertex set given by V(G) = {1, 2, ..., n}. E(G) isa
subset of V(G) x V(G) that contains only unordered pairs of distinct elements. For
ne(n-1)
2
Is the maximum size of the edge set for an (n, m)-graph. Thus we have the
following limits on the number of edges in a simple undirected graph G.
Proposition 1:  Let G be a simple undirected graph, with [V(G)| = n.

Then 0 < [E(G)| < @ =W.

a set of n objects, there are (9 = unordered pairs of distinct objects, this

The complement of a graph G, denoted Gg, is the graph with the vertex set V(G)
and edge set defined by E(Gc) ={ (u, v) |u € V(G), v € V(G), (u,Vv) ¢ E(G) }. If
G is an (n, m)-graph, then G¢ is an (n, ne(n — 1)/2 — m)-graph.

In much of graph theory, the vertices of the graphs are labeled by integers, so that a
four-vertex graph would have V(G) = {1, 2, 3, 4}. The set of possible edges for
such a graph would be
{(1,2),(1,3),(1,4),(2,3),(2,4), (3,4 }. Consider two (4, 3)-graphs, a graph
and its complement. First we give a rather formal definition of the two graphs.
G =(V(G), E(G) | V(G) ={1, 2,3,4}, E(G) ={(1, 2), (1, 3), (1, )}
Ge = (V(G), E(G) | V(G) ={1,2,3,4}, E(C) ={(2,3), (2, 4), (3, 4)}

While this is a sufficient definition of the two graphs, most people prefer the visual
representation of the graphs. Here are standard representations of G and Ge.



(L) 2) @ 2)

(4) 3) 0‘6

G G
Figure 5: A Graph and Its Complement



Two graphs often have the same structure, differing only in the way their vertices
and edges are labeled or in the way they are drawn. To make this idea more exact
and to develop a way to focus on the essential structure of graphs, we introduce the
concept of graph isomorphism. Two graphs G; and G, are said to be
isomorphic, denoted by G; = G,, if there exists a one-to-one mapping ® from
V(G,) onto V(G,) such that the mapping preserves the adjacency, that is to say that
(u, v) € E(G,) if and only if (®(u), ©(v)) € E(G,). Were we to push a point, we
would note that graph isomorphism forms equivalence classes on graphs: if G; =
G, and G, = Gz, then G, = G;. The next figure shows two graphs that are labeled
and drawn differently, but are isomorphic.

S
D>—@ FE
Figure 6: Two Isomorphic Graphs

The two graphs in Figure 6 are isomorphic under the following transformation:
®(1) = A, ®(2) =B, d(3) = C, and ®(4) = D. The edge lists of the two graphs
show this.
Graph on left: (1, 2), (1, 4), (2,3),and (3, 4)
Graphonright: (A, B), (A, D), (B, C), and (C, D).
If we take the graph on left and apply the transformation to its vertex labels, we
arrive at the edge list (A, B), (A, D), (B, C), and (C, D). This is precisely the edge
list of the graph on the right, as expected. Thus, the two graphs are isomorphic.

The basic use of the idea of graph isomorphism is that we can view isomorphic
graphs as identical and ask questions only about graphs that are not isomorphic.
We use isomorphism to define a method of classifying graphs. For integers n >0
and m > 0, let I"(n) denote the collection of all non-isomorphic graphs with n
vertices and I'(n, m) denote the collection of all non-isomorphic graphs on n
vertices and m edges. The next figure shows the sets I"(n) for

1 <n<4. Note that the set I'(1) has only one member — a single graph with one
vertex and no edges incident on it; an isolated vertex.
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Figure 7: The setsI'(1), I'(2), and I"(3)
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Figure 8: The Eleven Members of I'(4)

Notation: At this point, we make a change in the way we refer to vertices. In our
previous discussions, we used the “pure mathematics™ approach to describing
graphs, in which vertices were denoted by an integer in the range 1 to |[V(G)|



inclusive and edges were denoted by unordered pairs of integers. In our studies,
we normally use different labels for graphs, normally labeling the vertices as vy, vy,
...., v for a graph with n vertices. When discussing a few vertices, we might give
them labels, such as u, v, and w. Similarly, in discussing edges, we might use
notation such as (u, v) or (v;, vj). The student should note that there is no
theoretical significance to this; it is just one of many conventional notations used in
describing graphs.

An edge (u, v) is said to join the vertices u and v. If (u, v) € E(G), then vertices u
and v are said to be adjacent; u is adjacent to v, and v is adjacent to u. The edge
(u, v) is said to be incident on its end vertices u and v. Again, in simple graphs we
assume u # V.

The degree of a vertex v in G, denoted either as d, or d(v), is the number of edges
incident on the vertex v. Since each edge incident on the vertex v causes another
vertex to be adjacent to v, we might say that the degree of the vertex is the number
of vertices adjacent to it. The two definitions are entirely equivalent.
Occasionally, when a vertex is a part of two or more different graphs, we use the
full notation dg(v) to indicate the degree of a vertex v in the graph G. Normally
such precision is not required.

5

Figure 9: Illustration of Vertex Degrees

In this figure, d; =d(v,) =2, d, =d(v,) =4, d3 =d(v3) =3,ds =d(v4) =2, and
ds = d(vs) = 3. Note that 3'q;=2+4 +3+2+3 =14 = 2em. This is not a
j=1
coincidence.
A vertex of zero degree is called an isolated vertex in that it has no edges incident

on it and thus is not adjacent to any other vertex. At this point it will be convenient
to state a few lemmas and theorems related to vertex degree.

Lemma 2: Let G be an (n, m)-graph and letv € V(G). Then 0 <d(v) < (n—1).
Proof: The assertion that d(v) > 0 comes from the fact that d(v) is a counting



number.
If v e V(G), there are only (n — 1) other vertices in V(G) to which v may be
adjacent, thus it follows that d(v) < (n —1).

Theorem 3: Let G be an (n, m)-graph with V(G) = {vy, v, ...., v,}. Let the degree
of vertex v; be given by d; = d(v;). Then %djz 2em.
j=1

Proof: Every edge in G is incident on two vertices; hence, when the degrees
of the vertices are summed, each edge is counted twice. This completes the proof.

Theorem 4: Let G be an (n, m)-graph, with m > n. Then G has at least two vertices
of degree d(v) > 2.
Proof: Assume that G has only one vertex with degree d(v) > 2. By Lemma 2, we
have
d(v) < (n-—1), so we let the one vertex of degree greater than 1 have degree (n —1).
The maximum value of %d,— is then 1e(n—1) + (n — 1)e1 = 2e(n — 1), being

j=1
generated by the one vertex of degree (n — 1) and the (n — 1) vertices of degree 1.
As a result of theorem 3, we have
m < (n — 1), which contradicts the assumption that m > n.

A graph G is called regular if all of its vertices have the same degree and is called
pseudoregular if the degrees of its vertices differ by at most one. For a vertex v,
define N(v), the open neighborhood of v, as the set of vertices adjacentto v. As
each edge incident on a vertex v connects it to an adjacent vertex, it follows
immediately that |[N(v)| = d(v). The closed neighborhood of a vertex, denoted
N[v], adds the vertex itself to its open neighborhood; N[v] = N(v) U {v}. Note that
{v} is the set containing only one element — the vertex v.

A regular graph in which all vertices have degree k is called k-regular. The 3-
regular graphs are called cubic and have been studied extensively.



Figure 10: A 2-regular and a 3-regular graph

Note that in the above figure, that the 3-regular graph has been drawn so that its
vertices appear at the corner of a cube. This is one of the reasons for the name
“cubic”. The next topic to be discusses considers the number of vertices that are
adjacent to each of two distinct vertices.

Let u and v be two distinct vertices in (n, m)-graph G. The codegree of the two
vertices, denoted by codeg(u, v), is the number of vertices adjacent to both u and v.
In set notation, we can write codeg(u, v) = |N(u) n N(v)|. We now give an upper
limit on the codegree of two vertices.

Lemma5: Letuand v be two distinct vertices in (n, m)-graph G.

Then 0 < codeg(u, v) < (n - 2).
Proof: The assertion that codeg(u, v) > 0 comes from the observation that it is a
counting number. The upper limit comes from the observation that there are only
(n — 2) other vertices in G, so that [N(u) N N(v)| < (n - 2).

We now place a lower limit on the codegree of two adjacent vertices.
Lemma 6: Letx andy be two adjacent vertices in an (n, m)-graph G. Then
d(x) + d(y) < Codeg(x, y) + n.
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Figure 11: The Degrees and Codegree of Two Adjacent Vertices



Proof: Consider the two adjacent vertices x and y in the above diagram. Other
than vertex y, there are d(x) — 1 vertices adjacent to vertex x, of which d(x) —
Codeg(x, y) — 1 are adjacent to vertex x but not vertex y and Codeg(x, y) are
adjacent to both x and y. The number of vertices (other than x or y) that are
adjacent to either vertex x or vertex y or both is given by

d(x) — Codeg(x, y) — 1 + Codeg(x, y) + d(y) — Codeg(x, y) — 1 =d(x) + d(y) —
Codeg(x, y) — 2. But other than vertices x and y there are only (n — 2) other vertices
in the graph G, so we have

d(x) + d(y) — Codeg(x, y) — 2 < (n—2) or d(x) + d(y) < Codeg(x, y) + n.

A subgraph of a graph G us a graph having all of its nodes and edges in G. Thus,
H is a subgraph of G if and only if V(H) < V(G) and E(H) < E(G). A subgraph of
G is a spanning subgraph if it contains all of the nodes of G. ThusH is a
spanning subgraph of G if V(H) = V(G) and E(H) < E(G). For any sets U of nodes
in G, U < V(G), the induced subgraph <U> is the maximal subgraph with vertex
set U. Put another way, the induced subgraph <U> is the graph with vertex set U
< V(G), with any two vertices being adjacent in <U> if and only if they are
adjacent in G. We say more on induced subgraphs later in this chapter.

Let u and v be vertices in a graph G, with u and v not necessarily distinct. A u-v
walk of G is a finite, alternating sequence of vertices and edges starting with u and
ending with v: thought of as u = ug, €y, Uy, €, ...., Us1, €, Us =V, such that e; = (U4,
u;). The number s, the number of edges in the sequence, is called the length of the
walk. A u-v path is a u-v walk in which no vertex is repeated. A cycle isa u-v
walk in which all vertices are distinct with the sole exception that

u =v. Paths and cycles, as special cases of walks, have obvious definitions for
their lengths. A graph G is said to be connected if there exists a path between
every pair of distinct vertices in the graph, otherwise it is disconnected. For a
connected graph G, we define the distance d(u, v) as the minimum of the lengths
of all u-v paths connecting the 2 vertices u and v. A path of minimum length
between two vertices is sometimes called a geodesic.

A connected component, or simply a component, of a graph G is a maximal
connected subgraph of G. If a graph is connected, it has only one component;
otherwise it has two or more components. For any vertex v e V(G), the
component containing v is formed by adding v to the set of all vertices reachable
by a path from v.

The following figure shows a graph with three components.
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Figure 12: A Disconnected Graph With Three Components

The three components of the graph in this example are {1, 2, 3, 4}, {5, 6, 8}, and
{7}. Note that there is a path from vertex 1 to vertex 3, so the two vertices are in

the same component of the graph. Since there is no path from vertex 1 to vertex 5,
they are in different components.

Recalling that a cycle is a path through a graph beginning and ending on the same
vertex, we give the following definition of a graph without cycles.
Definition: An acyclic graph is a graph that does not contain a cycle.



Definition: A tree is a connected acyclic graph.

Definition: A rooted tree is a tree in which one vertex has been distinguished and

called the
root. Most trees of interest in computer science are rooted trees.

Trees play only a small part in the analysis of networks. The one tree of greatest
importance for networks is the star graph, also called Ky .1 (see below). The next
figure shows two of the smaller star graphs K, , (also called a P3, see below) and
Ky 4. Note that we, as computer science people, see each tree as a rooted tree with

the root vertex (or root node) being vertex 1.
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Figure 13: Two Star Graphs

Recalling that a subgraph H of graph G is a spanning subgraph if V(H) = V(G) and
E(H) < E(G). If H is a spanning subgraph of G and H happens to be a tree, then H
Is said to be a spanning tree of the graph G.

Upon reflection, one should realize that a graph G may have many distinct
spanning trees; indeed it is almost obvious that a graph G has a unique spanning
tree if and only if G is itself a tree. The next figure shows a graph and its three
spanning trees.

Figure 14: A Graph G and Its Spanning Trees

In the example above, we see a (4, 4)-graph G (4 vertices and 4 edges) and its 3
spanning trees Ty, T,, and Tz. As we shall prove soon, a tree on four vertices must
have exactly three edges. In the above example there are three edges that can be
removed to yield a tree; removal of edge (1, 4) will cause the graph to be
disconnected. Note that each of T, and T is isomorphic to the graph P, — a path on



four vertices, while T, is isomorphic to K, ; — the star graph on 4 vertices.

We will soon quote one of the basic theorems regarding trees, but need to begin
with a definition and a simple lemma. The definition serves to eliminate trivial
exceptions from our theorems on trees.

Definition: A nontrivial tree is a tree with at least two vertices.



Lemma 7: Every nontrivial tree has at least two vertices of degree 1.

Proof: Let P be a longest path in a nontrivial tree T and let u and v be the end-
nodes of the path P. Since T is acyclic, u and v each have only one neighbor in P,
and since P is a longest path each has no neighbors in T — P (else the path could be
extended). Thus there must be at least two vertices of degree one in a nontrivial
tree.

Before we quote the “big theorem” we must explain a new bit of terminology. Let
G be an

(n, m)-graph on at least two vertices, and let u and v be vertices that are not
adjacentin G. Then by G + (u, v) we denote the (n, m + 1)-graph formed from G
by adding making the two vertices u and v to be adjacent by adding the edge (u, v).
Another term often used is G + e, denoting the addition of a new edge to a graph
G.

Theorem 8: The following statements are equivalent.
1. G is atree with n vertices and m edges.
2. Every two distinct vertices of G are connected by a unique path.
3. Gisconnectedand m=n-1.
4. Gisacyclicandm=n-1.
5. Gisacyclic and if any two nonadjacent vertices of G are joined by an edge
e, then G + e, the graph with one edge added, has exactly one cycle.

Proof: This is a well-known result. The theorem as stated is a slight rewording of
Theorem 1.2 in reference [R0O1]. We shall adapt the proof from that reference and
show the proof as an example of how graph theorists think. If the statements are
all equivalent, then they must either be all true or all false for a given graph. The
strategy for a proof of equivalence is quite simple; we just prove that any one
statement implies all of the other statements. In this case we shall show a circular
equivalence; thus 1 =2,2=3,3=4,4=5and5 = 1.

Proof that 1 = 2

Since G is atree, it is a connected graph without cycles. Since G is connected,
every two distinct nodes in G are connected by a path. Suppose two distinct nodes
uand v in G that are connected by two distinct paths P and P*. Let w be the first
node of path P (as we traverse from u to v) such that w is on both P and P*, but its
successor on P is not on P*. Note that w = v is allowed in this proof. We then
follow path P from u to w and path P* backwards from w to u to form a cycle.
Thus the assumption of two distinct paths between any two vertices implies that
the graph contains cycles and cannot be a tree.



Proof that 2 = 3

If every distinct pair of nodes in G is connected by a unique path, then G is
connected by definition. We prove that n = m + 1 by induction. Reference to
figures 7 and 8 of this work will show that the statement is true for n = 2, 3, and 4.
It is also vacuously true for n = 1. Now assume that the result is true for all graphs
with fewer than n vertices.

Suppose that G is a graph with n nodes (n > 2), m edges, and let v be one of the
nodes of degree one in G (see Lemma 6). Then G — v, the graph obtained by
removing the vertex v and the edge incident on it from G, has (n — 1) vertices, one
less than G, and still satisfies property 2. By the inductive hypothesis G —v has m
= (n—1) — 1, thus the number of edges in Gism=(n-1).



Proof that 3= 4

Assume that G has a cycle of length p. Then there are p vertices and p edges on
the cycle, and for each of the (n — p) vertices not on the cycle there is an incident
edge on a geodesic from that vertex to a vertex in the cycle. Each such edge is
different, so (n — p) + p = n>m, which is a contradiction.

Proof that4 =5

Since G is acyclic, each component of G is a tree. If there are k components, then
each component has one more vertex than edge and n = m + k, so the assumption
that

n=m+ 1implies that k = 1 and that G is connected. Thus G is a tree and there is
exactly one path connecting any two nodes in G. If we add an edge (u, v) to G,
that edge together with the unique path in G joining u and v forms a cycle. The
cycle is unique because the path is unique.

Proof that5 =1

For this proof, we need a new notation. Let u and v be two non-adjacent vertices in
a graph G. The graph G + (u, v) is the graph created by adding the edge (u, v) to
G. If Gisan (n, m)-graph, then G + (u, v) is an (n, m + 1)-graph. In general, we
use the notation

G + e to indicate the graph generated from G by adding some new edge to G.

The graph G must be connected, for otherwise an edge e could be added joining
two nodes in different components, and the graph G + e would be acyclic. Thus G
Is connected and acyclic, thus G is a tree.

We use the above theorem on trees to derive a result of importance to this work.
Lemma 9: Let G be an (n, m)-graph with m < (n—1). Then G is disconnected.
Proof: Let G be an (n, m)-graph with m = (n - k), withk>2. If G is
connected, then there is a path between any two distinct vertices u, v € V(G).
Select u and v as non-adjacent vertices and add the edge e = (u, v). We now have
an (n, (n —k + 1))-graph that contains a cycle, beginning at u, going to v, and
returning to u by the existing path. If k > 2, repeat the above step (k — 2) times,
noting only that the addition of new edges does not remove the first cycle created.
We then have an (n, (n — 1))-graph that is connected but contains a cycle. This
contradicts Theorem 8 and thus we conclude that the original graph G could not
have been a connected graph. The interested reader will find another proof of this
lemma in the discussion of Theorem 1.3.1 in [R02]. It is important to note that m <
(n — 1) does not require that the graph have isolated vertices. The reader should
examine the two (4, 2)-graphs shown in Figure 8, only one of which has an isolated
vertex. A graph with an isolated vertex must be disconnected, but there are very



many disconnected graphs that have no isolated vertices.

For a connected graph G, we define e(v), the eccentricity of vertex v, as the
maximum of the distances from v to the other vertices in the graph. The radius of
a connected graph G, denoted rad(G), is the minimum value of the eccentricity of
its vertices, while the diameter of the graph, denoted diam(G), is the maximum
value of the eccentricity of its vertices. Before we quote a familiar theorem
relating the radius and diameter of a graph, we give an example.

Figure 15: A Graph with Radius 3 and Diameter 5

In order to compute the radius and diameter of the graph, we first compute the
eccentricity of each vertex. We construct the distance matrix for the graph.
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Note that the maximum of the vertex eccentricities is 5; this is the diameter of the
graph. The minimum of the vertex eccentricities is 3; this is the radius of the
graph. A central vertex is a vertex with eccentricity equal to the radius of the
graph. The center of a graph, denoted Z(G), is the set of all central vertices; here
Z(G) ={4, 5, 6}. Since the radius of the graph is defined to be the minimum of the
eccentricities of the vertices, it should be obvious that there is at least one vertex of




minimum eccentricity, and thus the center Z(G) has at least one element.

Theorem 10: For every connected graph G, rad(G) < diam(G) < 2 e rad(G).
Proof: The inequality rad(G) < diam(G) arises from the definition that the radius
Is the minimum of a set of numbers while the diameter is the maximum of the
same set of numbers. In order to verify the second inequality, select vertices u and
v in G such that d(u, v) = diam(G). Let w be any vertex in Z(G), the center of G.
Then d(u, w) < e(w) and d(v, w) < e(w), where

e(w) =rad(G). It can be shown that d(u, v) < d(u, w) + d(w, v) for any three
vertices u, v, and w, so we have d(u, v) < d(u, w) + d(w, v) = 2 e e(w) = 2 e rad(G).

An (n, m)-graph G is called k-partite, 1 < k <n, if the vertices of G can be
partitioned into k vertex sets V1, V5, ..., Vi such that no two vertices in the same
set are connected by an edge in G. The vertex sets are called parts of V(G). For k
= 2, we have a 2-partite graph, more commonly called a bipartite graph. A 3-
partite graph is also called a tripartite graph.
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Figure 16: Some Bipartite Graphs and a Tripartite Graph

Fig 16a is K; 3. Both fig 16b and 16c¢ are K34 — fig 16c is just drawn funny. Note
that the vertices on the left and right side in fig 16c are not adjacent. Fig 16d is not
a complete graph.

Before continuing, we note that any tree is also a bipartite graph. We show this
fact by constructing the two vertex parts of the graph. Let T be a tree on n vertices
and hence (n — 1) edges. Select one vertex, call it u, and place it in the vertex part
called V;. Place every vertex at distance 1 from u into vertex part V,, every vertex
distance 2 from u into vertex part V1, and in general every vertex at odd distance
from u into V, and at even distance from u into V;. Since Theorem 8 assures us
that the path from any vertex to u is unique, we do not try to place any vertex into



both V; and V,. We now show that no two vertices in a vertex part can be
adjacent. Suppose that v and w are two vertices in a vertex part that are adjacent.
We have paths from u to both v and w, thus creating the cycle from the path from u
to w, the edge (w, v) and the path from v to u. But the tree T is acyclic, so that
vertices in the same vertex part cannot be adjacent and T is bipartite. In a rooted
tree, think of one vertex part as all vertices at an odd distance from the root vertex
and the other vertex part as the rest of the vertices.

A graph G is called complete if every pair of its vertices is connected by an edge.
By K, we denote a complete graph on n vertices. C, denotes the cycle on n
vertices, and P, denotes the path on n vertices. Note that for n > 2, K,, has ne(n —
1)/2 edges, C, has n edges and P, has

(n—1) edges. Kjs, which is isomorphic to Cs, is called the triangle graph, or
triangle. K; denotes the empty graph on one vertex, it is a graph with one isolated
vertex and no edges.

G is called a complete k-partite graph if it is k-partite and whenever two vertices
are in different parts of the graph they are connected by an edge in E(G). A
complete 2-partite graph is called complete bipartite and is denoted by K,
where the number of vertices in the two vertex parts is a and b respectively. Kj 4
denotes a star graph on n vertices with (n — 1) edges. K. is a complete bipartite
graph; it is also a tree. Note that K , is isomorphic to P;. Note that there is only
one connected graph on two vertices; it can be called either Ky ; or K; or Py, but not
C, as a cycle must have at least three vertices.

For an arbitrary graph G, nG denotes n copies of the graph G. Let nK; denote the
empty graph on n vertices. Then we have m(nK;) = 0; nK; € I'(n,0). The
maximum number of edges in a graph in I"(n) equals m(K,) = ne(n — 1)/2.



There are many ways to combine graphs to produce new graphs. We shall
consider only one binary operator — the union. This is defined as follows.
Definition: The union of two graphs G; and G,, denoted G = G; U Gy, is that
graph with

V(G) = V(G,) U V(G,) and E(G) = E(G;) U E(G,).

Note that one can use this union operator as an alternate definition of the graph nG,
based on a recursive definition: 26=G u G,and nG=(n—-1)G U G. One
important graph for our consideration will be G = Ky ,; U (j— 1)K;. Forn =6 and
J = 3, we have the graph in the following figure. The graph has two isolated
vertices.
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Figure 17: The (6, 3)-Graph K, ; U 2K;.

The vertex connectivity or simply connectivity of a connected graph G, denoted
xk(G) is the minimum number of vertices the removal of which from G yields either
an isolated vertex or a disconnected graph. If «(G) > r, then the graph G is said to
be r-connected. The edge connectivity of a graph G, denoted A(G) is the
minimum number of edges the removal of which results in a disconnected graph.

Let G be an (n, m)-graph with vertices vy, vy, ..., v, having degrees dq, dy, ... dy,
where

di = d(v;). We label the vertices so that d, >d, > ... > d, to get a sequence called
the degree sequence of G, denoted by D(G) = (d, dy, ..., dy,). By A(G) we denote
the maximum degree in G, and by 8(G) we denote the minimum degree in G. If
the degree sequence D(G) is presented in the as above, then A(G) = d; and 8(G) =
d,. By DSS(G) we denote the sum of the squares of the vertex degrees of a graph
G. In other words, for an (n, m)-graph G with degree sequence given by D(G) =

(dy, da ..., dv), we have DSS(G) = 3(djF.
1

We now consider two degree sequences, both for (n, m)-graphs and define a useful
concept, called degree sequence dominance.



Definition: Let D(G) = (dy, dy, ..., d,) and D(H) = (d'y, d',, ..., d',) denote the
degree sequences of (n, m)-graphs G and H, respectively. D(G) is said to
dominate D(H) if idi > id'i for all

i=1 i=1
j=1, 2, ..., n with strict inequality for at least one value ofj.

The importance of degree sequence dominance arises from its relation to the sum
of the squares of the degrees of the vertices, as seen in the following proposition.



Proposition 11: Let G and H be two (n, m)-graphs such that the degree sequence
of G dominates the degree sequence of H. Then DSS(G) > DSS(H).

Proof: Let D(G) =(dy, d,, ..., dy) and D(H) = (d';, d',, ..., d',) denote the degree
sequences of

(n, m)-graphs G and H, respectively. Since the degree sequence of G dominates
that of H, there must be at least one index k, 1 <k <n, such that d, > d’.

Let k be the smallest index for which d, > d’ and let d, = d’ + d, with d > 0.

Since the degree sequence is ordered, we have d’y > d’; for all j > k. Since the two

n n
degree sequences add to the same sum, we must have > d; = Xd4j+d.
i=k+1 i=k+1

We alter the degree sequence of H by adding the value to d to d’, increasing
DSS(H) by

2ded’, + d?. Decreasing d’.; to balance the sum then decreases the new value of
DSS(H) by

d® — 2ded’y.s, yielding a net change of 2ded’+ 2ded’.;, which is a positive
number. Thus by modifying the degree sequence of H to make it look more like
that of G, we have increased the value of DSS(H). One can easily see that these
changes to make the degree sequence of H identical to that of G continually
increase DSS(H). Thus we must have started with DSS(H) < DSS(G).

A sparse graph is an (n, m)- graph for which m <[ n%4], and a dense graph is an
(n, m)-graph for which m > [ n%4., where | x] is the largest integer not greater than
the real number x.

| n%4] = (n¥4) if and only if n is an even integer.

For graphs G and H, let *H(G) denote the number of induced subgraphs of G
which are isomorphic to H and #H(G) denote the number of (not necessarily
induced) subgraphs of G which are isomorphic to H. Thus #P3(G) and *P5(G)
denote the number of subgraphs and the number of induced subgraphs,
respectively, of G isomorphic to P3, the path on three vertices. #K3(G) denotes the
number of subgraphs isomorphic to K, the triangle. Because all triangles as
subgraphs are induced, #K3(G) = *K3(G); we use *K;(G) to denote the number of
triangles in a graph G. Any graph for which *K3(G) = 0 is said to be triangle-free
or Ks-free. We shall see that bipartite graphs are Ks-free.

Recall that a bipartite graph is an (n, m)-graph G with the property that V(G) can
be broken into two disjoint sets V; and V,, such that a vertex in V, is adjacent only
to vertices in V; and a vertex in V, is adjacent only to vertices in V;. We now



prove one result of major importance to our work: that bipartite graphs do not
contain a K;. We do this by first proving the more general result and then applying
an obvious definition.

Theorem 12: A graph G is bipartite if and only if all of its cycles are even.

Proof: This proof is quite important, so is quoted almost verbatim from Theorem
1.3 in Distances in Graphs [R0O1]. If G is bipartite, then its vertex set V can be
partitioned into two sets V; and V, so that every edge of G joins a vertex in V;
with a vertex in V,. Thus every cycle [of length k] vi, Vs, ..., Vi, Vi In G necessarily
has its oddly subscripted vertices in V4, say, and the others in V,, and so its length
Is even. [Otherwise, we would have the edge (v, v1) connecting two vertices in Vj,
contradicting our hypothesis.]

For the converse, we assume without loss of generality that G is connected (for
otherwise we can consider the components of G separately). Take any vertex v;
V(G) and let [vertex set] V; consist of v; and all vertices at even distance from v;,
while [vertex set] V, =V — V;. Since all cycles of G are even, every edge of G
joins a vertex of V; with a vertex of V,. For suppose there is an edge (u, v) joining
two vertices of ;. Then the union of geodesics [shortest paths] from v, to v and
from v, to u together with the edge (u, v) contains an odd cycle, a contradiction.

We now present the important result as a corollary to the above theorem.
Corollary 13: A bipartite graph does not contain a K; (triangle).

Proof: We have just shown that a bipartite graph does not contain any cycle of odd
length. Specifically, it does not contain a Cs (a cycle on three vertices), which is
isomorphic to a K3 (complete graph on three vertices).

In terms that we shall use later, we have just shown that if G is a bipartite graph
then
*K3(G) = #K3(G) = 0.

We now link sparse and dense graph to graphs containing triangles by use of a
famous theorem due to Turan. Turan’s work is considered the first theorem in an
important area of graph theory, called extremal graph theory, which we now
discuss briefly.

Extremal Graph Theory

The study of extremal graphs is generally the study of the largest or smallest
graphs that have certain properties. The best reference on the topic is the book
Extremal Graph Theory by Bollobas [R03], a book that is rare and hard to find.




The book contains references to many of the original papers in the subject;
unfortunately many of them were written in Hungarian and have yet to be
translated.

For these notes, we focus on extremal graph theory of complete subgraphs; that is
subgraphs that are isomorphic to a complete graph K,. We quote from chapter VI
of Bollobas [R03] to introduce the subject.

Given a graph Fy, what is ex(n; F;), the maximum number of edges of
a graph of order n [having n vertices] not containing F; as a subgraph.
... [The] best known extremal result of graph theory [is] Turan’s
theorem. This result, proved in 1940 and always considered to be the
first extremal theorem, answers this question above in the case F; =
K.

Turan’s theorem is based on specific complete g-partite graphs, denoted T(n).
Definition: Given natural numbers n and g, denote by T,(n) the complete g-partite
graph with Ln/qJ, L(n + 1)/q], ... L(n + q — 1)/q. vertices in each of the vertex sets.
Note that T,(n) is the unique complete g-partite graph of order n whose vertex sets
have size as equal as possible. For convenience, we number the vertex parts
beginning with 0, so that vertex part k has size

L(n+Kk)/ql, 0<k<(q-1).

It is a standard result that a g-partite graph of order n having ng, ny, .. ng.; vertices

ny ¢
in its vertex parts has at most (2) — zl(nzk] edges. T4(n) is the unique g-partite
0

graph of order n, denoted by t,(n). Turan also proved in 1941 that every other
graph of order n and size t,.1(n) contains a K, as a subgraph.

For this research the most important Turan graph will be T,(n), the complete
bipartite graph with vertex parts of size | n/2]and L (n + 1)/2..

Theorem 14: Let r and n be natural numbers, r > 2. Then every graph of order n
and size greater than t..;(n) contains a K,, a complete graph of order r.
Furthermore, T,.1(n) is the only graph of order n and size t..;(n) that does not
contain a K.

Proof: See the proof of theorem 1.1 in chapter VI of reference [R03].

Of special interest to much research is the largest graph that contains no K.
Lemma 15: The largest graph with n vertices that contains no triangle is the
complete bipartite graph K, p, withn=a + b and |a—b| < 1.



Proof: See Theorem 4.1.2 in the book Pearls in Graph Theory [R02]. This is also
a special case of Theorem 14, just above.

Remark: The complete bipartite graph K., has m = aeb edges. If a > b, then we
have two possibilities for graphs satisfying theorem 15:a=banda=b+ 1. Ifa=
b, then

n=2ebandm=b’*=n%4. Ifa=b+1,thenn=2eb+1and m=be(b+1)=b"+
b. Also we have n® = (2eb + 1)? = 4eb* + 4eb + 1, 5o m = n%/4 . The graph Kap,
as described above is the largest sparse graph and we conclude that all dense
graphs must contain triangles.

Corollary 16: If G is an acyclic graph, it must be a sparse graph.
Proof: If G is not a sparse graph, it is a dense graph that must contain a
triangle or

Kz =~ Cs, which is a cycle. Hence G is not acyclic.

We add another interesting result that might be of use in later work.

Theorem 17: If n > (r + 1) then every (n, m)-graph with m = t,;(n) + 1 contains a
K.+1 from which an edge as been omitted.

Proof: See the proof of theorem 1.2 in Chapter VI of reference [RO3].

Another Count of Subgraphs

Another important count is S3(G), the number of induced three-vertex connected
subgraphs of G. Ps, the path on three vertices, and Ks, the triangle, are the only
connected graphs on three vertices, so S3(G) = *P3(G) + *K;(G) for any graph G.

An (n, m)-graph is said to be #Ps-optimal if it maximizes #P3(G) for all G € I'(n,
m), the set of all (n, m)-graphs. *Ps-optimal and Ss;-optimal graphs are those
graphs which maximize the counts *P5(G) and S;(G) respectively.

b o o d

<1, 2, 3> <1, 2, 4= <2, 3, 4=
Figure 18: A Graph and Its 3-Vertex Induced Subgraphs

In the example above, we see a (4, 4)-graph and the subgraphs induced on the three
distinct three-vertex subsets of {1, 2, 3, 4}. The subgraph <1, 2, 3> is a K3, which
contains three non-induced P3’s, one centered on each of its vertices. The graph



<1, 2,4>is K; U Ky, also called a K;K,. The subgraph <2, 3, 4> is an induced P3.

As was mentioned above, there are three non-induced P5’s in the above graph —
one centered at vertex 1, one centered at vertex 2, and one centered at vertex 3. As
a result we have one induced P; and three non-induced Pj3’s, for a total of four.
Thus, for this graph we have *P5(G) = 1, *K3(G) = 1, S3(G) = 2, and #P3(G) = 4.

Proposition 18: For any graph G, #P3(G) = *P3(G) + 3e*K3(G).

Proof: Letu, v, and w be the vertices of a triangle in G. There is a P; centered on
each of the vertices u, v, and w. Since none of these is an induced Ps, each triangle
contributes 3 to the count #P5(G) but 0 to the count *P5(G). The conclusion then
follows by noting that each induced P3 contributes 1 to the count of #P3(G) and 1 to
the count of *P3(G). In order to drive this point home, let’s take another look at
figure 18, presented above, focusing on the triangle induced by vertices 1, 2, and 3.
Note that none of the P3’s defined on these 3 vertices is induced, as each lacks one
edge incident only on vertices in the set {1, 2, 3}.

b N

=<1, 2, 3>
An Induced K3
1,2,3 2,3,1 3,1,2

Three P3's - None of them induced.
Figure 19: A Graph and Some of Its 3-Vertex Subgraphs



WEIGHTED GRAPHS

We now introduce the concept of a weighted graph — a graph in which there are
weights associated with the edges. These weights can represent distances, costs,
capacities, or any other measure that is associated with an edge and that can be
quantified as a real number. For most weighted graphs, the weights are represented
as non-negative integers, although negative edge weights appear to be used for
some applications. To this author’s knowledge, no work has been done on graphs
with edge weights represented as complex numbers.

We begin with a formal definition of a weighted graph, and then move on to a more
natural discussion of the concept in terms of drawings and adjacency matrices.

Definition: A weighted graph G is a triple (V, E, W) in which V is a non-empty set
of vertices, E — V x V is a set of edges (the graph can be directed or undirected),
and W is a function from the edge set E into R, the set of real numbers. For any
edge e € E, w(e) is the weight of e. In networks, the edge weights often represent
the link transmission capacities.

We shall immediately revert to the standard practice of representing all edge
weights as non-negative integers, most commonly using only positive integers. It
can be proven that for most cases, this restriction does not present any difficulties.
We shall begin with a simple undirected graph, in which all edges can be said to
have a weight of one and then develop an example of the same graph with weighted
edges. This example is taken, almost verbatim, from an excellent textbook [R04]
by Sara Baase and Alan Van Gelder.

1234567
o 10110000
21011000
31101010
40110010
9 50000010
6 0011101
7000O0O0O01

Figure 20: An Undirected Graph and Its Adjacency Matrix

We now add edge weights to this example, making it a weighted graph. Note that
the only change to the adjacency matrix representation is to replace the 1 by the
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weight of the edge. Suppose that A is the adjacency matrix of a graph. We have
two cases.

Unweighted Graph Weighted Graph
A;;=0if no edge A;; =0 if no edge
A =1if(l,J)isan edge A,y =weight(l, J) if (1, J) is an edge

We now present a weighted graph that has the same underlying undirected graph as
the example in the figure above. Note that the adjacency matrix is different, it now
has the weights.

1 2 3 4 5 6 7
1 025 5 0 0 0 O
2 25 0 10 14 0 O O
3 510 0 18 0 16 O
4 0 14 18 0 0 32 O
5 0 0 O O 0 42 O
6 0 0 16 32 42 0 11
7 0 O O O 011 O

Figure 21: A Weighted Graph and Its Adjacency Matrix.

1| e 2]25]e 3| 5 |9

2| e 1 ]25Te}{ 3 [10 [o} o 4 [14 4]

3| e—[ 1S 2 [10]e{4 [18]9] 6 [16 9]
4| o 2 T14]o}of 3 [18[ey 6 [32]¢

s| o[ 6 2

6| o1 3[16]of0{ 4 [32[o| 5 [42]8|f 7 |11 [¢]
7] e 6] 11]s

Figure 22: The Adjacency List Representation of the Same Weighted Graph
Note that the vertices in the list are kept in sorted order. This is a convention only
and is not necessary. Ordered lists are easier to search, but take more time for
insertion.

At this point we should note that the above adjacency matrix will cause some graph
algorithms to malfunction. The problem arises when the edges represent distances

MATHEMATICAL FOUNDATION OF COMPUTER SCIENCE - MRCET



or costs or some such quantity that one might want to minimize. The problem,
which does not occur in the adjacency list representation, is due to the fact thata 0
Is used to represent an edge that is not present. Consider a silly algorithm
attempting to develop a minimum cost Hamiltonian circuit of the above graph. It
mightselectl >4 —>5—>3 > 7 —> 2 —> 6 — 1 as the route with a total weight of
0. This is, of course, an impossible route as none of these edges exist.

It is easy to see that the problem does not occur when one uses the adjacency list
representation of the graph. Edges that are not present simply do not have entries in
the linked lists representing the open neighborhoods of each vertex. The problem is
avoided.

It is also easy to see that the problem does not occur when one is using a graph to
model some problem in which the edges represent flow capacities, available
communication circuits, or some other measure to be maximized. In that case an
edge that does not exist is identical to an edge of zero capacity; neither can be used
to solve the problem.

When one is considering an adjacency matrix representation of a graph modeling a
problem for which sums of edge weights are to be minimized, it is necessary to
place a large value in the matrix elements that indicate non-existent edges between
distinct vertices. Note that almost all algorithms will detect that a diagonal element
A[K][K] of a matrix is not to be used as the graph contains no loops, so only the
entries for non-existent edges must be adjusted.

Many books suggest placing « as an element in the adjacency matrix to represent
the weight for the non-existent edges. This is great for drawings, but presents
problems in the application of an algorithm, because most computers lack a
consistent representation for co. The approach commonly suggested is to take a very
large number and use that. Here is another suggestion that will work for most
algorithms.
1) Beginning with the adjacency matrix having 0’s represent each non-existent

edge,

sum all the edge weights. The sum is twice the total of the edge weights, as
every

edge is summed twice.

2) Multiply that number by two and use that value to represent non-existent
edges.

In the above example, the sum of the values of the adjacency matrix is 346,
indicating a total edge weight of 173. We double the value of 346 to get 692 and
use either that value or any larger value to represent a non-existent edge. The use of
this number is based on the observation that no path through the graph will have a
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total distance greater than the sum of all the weights of all the edges, so here we use
a number four times as big to keep the algorithms from picking any of these non-
existent edges. The array below is the adjacency matrix using this approach.

0 25 5 692 692 692 692
25 0 10 14 692 692 692

5 10 0 18 692 16 692
692 14 18 0 692 32 692
692 692 692 692 0 42 692
692 692 16 32 42 0 11
692 692 692 692 692 11 0

Figure 23: The Adjusted Adjacency Matrix
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